Can chaos be useful In quantum

mechanics?

From quantum information to qguantum chaos
and back

Toma Prosen, University of Ljubljana
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Quantum information: basic facts
Quantum computer
Quantum teleportation
‘No-go’ for guantum clonning

Quantum chaos: two-slit experiment

Parametric stability of quantum dynamical systems:
The fidelity

Theory of quantum fidelity

Can it help in designing roboust quantum algorithms
Example: Improved quantum Fourier transform
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Quantum Iinformation

“Hilbert space Is a big place.(Carlton Caves)

gubit: An abstract two-level quantum system

V) = al0) + S[1).

Can chaos be useful in quantum mechanics? — p.3/33



Quantum Iinformation

“Hilbert space Is a big place.(Carlton Caves)

gubit: An abstract two-level quantum system

V) = al0) + S[1).

n—qubit register = coherent superposition26fstates

2" —1

|¢> — Z CT|T>'

r=0
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Quantum computer: What Is that?

A machine, which

= In afinite number of steps applieklected unitary
transformationU - quantum algorithm - on an
arbitrary n—qubit state

vr) = Ulhy).
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Quantum computer: What Is that?

A machine, which

= In afinite number of steps applieklected unitary
transformationU - quantum algorithm - on an
arbitrary n—qubit state

vr) = Ulhy).

= performs measurements afbitrary qubit in a
register.
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Basic requirenments for QC

= Representation of quantum states in terms of a
register of qubits
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Basic requirenments for QC

= Representation of quantum states in terms of a
register of qubits

= Controlled loading of a register state
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Representation of qguantum states in terms of a
register of qubits

Controlled loading of a register state
Sufficiently long decoherence timg
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Representation of qguantum states in terms of a
register of qubits

Controlled loading of a register state
Sufficiently long decoherence timg

Realization of a universal set of guantum gates on a
scaler,, < 7q
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Representation of qguantum states in terms of a
register of qubits

Controlled loading of a register state
Sufficiently long decoherence timg

Realization of a universal set of guantum gates on a
scaler,, < 7q

Capability of a mesurement of arbitrary individual
gubit state
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SYSTEM (QUBIT) q (5) Top (8) 7Q/ Top

nuclear spin10—2 — 10® 10732 —107% 10° — 10"

electron spin 103 1077 10*

lon trap (In") 101 1014 1013

electron charge - Au 1078 10~ 10°
electron charge - GaAs  1071° 10~%° 10°
quantum dot 1076 107° 10°

photon - optical resonator 107> 10~ 10°

photon - microwave resonator 10° 1074 104

Can chaos be useful in quantum mechanics? — p.6/33



Universal set of qguantum gates

1-qubit gates:
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Universal set of qguantum gates

1-qubit gates:

2-qubit gates:

00) |01) [10) [11)

(1 0 0 o\
W o 10

0y 0o 0 0 1
> 0 1

\ 0 0./
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Quantum algorithms

U=Urp---UU
Time-complexityl’ = T'(n), n = number of qubits.
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U=Up---

Us Uy
Time-complexityl’ = T'(n), n = number of qubits.

Examples okfficientquantum algorithms:

DFT (Deutsch 1994)]" = O(n?

U { Z_ c,|r)

r=0

Integer factorization (Schor 1994), = O(n

\

2" —1

/

>:Z<

2n/2

)

2" —1 )

Z 27T17°3/2”C
S
2>.

e )

Search in an unstructered list 2f elements (Grover
1996),7 = O(2"/?).
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EPR paradox

Entangled pair (EP) of two qubits at places A and B

Al 5 A

EPyy — %(|0>A|o> CalD)g) = %(yom L),

Can chaos be useful in quantum mechanics? — p.9/33



Entangled pair (EP) of two qubits at places A and B

ANl B 1l
EPan = —=(00al0)s + [DalDs) = —=(00) + 1)

Nonlocality of guantum mechanics:
Measurement of a qubit at place A triggers instantaneou:
transition of a qubit B into an identical state (O or 1).
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Entangled pair (EP) of two qubits at places A and B

ANl B 1l
EPan = —=(00al0)s + [DalDs) = —=(00) + 1)

Nonlocality of guantum mechanics:
Measurement of a qubit at place A triggers instantaneou:
transition of a qubit B into an identical state (O or 1).

Can such EP be used as a resource to transport quantu
iInformation?
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Quantum teleportation

Transporty) = «|0) + 5|1) from A (Alice) to B (Bob)
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Quantum teleportation

Transporty) = «|0) + 5|1) from A (Alice) to B (Bob)
Initial state:(0) first two qubits (A), third qubit (B):

V) EPyp = |0)(]00) 4 |11)) + 5]1)(]00) + |11))
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Transporty) = «|0) + 5|1) from A (Alice) to B (Bob)
Initial state:(0) first two qubits (A), third qubit (B):

V) EPap = a[0)(|00) + |11)) 4+ 5[1)(]00) + |11))
Algorithm: (1) Alice appliesC’ NOT onto her qubits:
a|0)(]00) +[11)) + B[1)([10) + |01))
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Transporty) = «|0) + 5|1) from A (Alice) to B (Bob)
Initial state:(0) first two qubits (A), third qubit (B):

¥)EPyg = «|0)(00) + [11)) + 5[1)(]00) + [11))
Algorithm: (1) Alice appliesC’ NOT onto her qubits:
a|0)(]00) +[11)) + B[1)([10) + |01))

(2) Alice then applied? on the first qubit:

a(|0) + [1))(100) + [11)) + 5(]0) — [1))([10) +[01)) =
00)(r|0) + 5[1)) 4 |01)(|1) + 5]0)) +
10)(«|0) — G]1)) + [11)(a|1) = 5]0))
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"No cloning"”

Copying of gquantum information is not possible.
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"No cloning"”

Copying of quantum information is not possible.
Proof: LetU be a protocol, copying)) and|¢) from
register A to register B

Ul)a®0)p; = [$)a® )5
Ulo)a®@[0)p} = [9)a®|9)5
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"No cloning"”

Copying of quantum information is not possible.

Proof: LetU be a protocol, copying/) and|¢) from
register A to register B

Ul)a®0)p; = [$)a® )5
Ulo)a®@[0)p} = [9)a®|9)5

Perf. inner product- unitarity of U = (1|¢) = (¢|¢)?
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"No cloning"”

Copying of quantum information is not possible.
Proof: LetU be a protocol, copying)) and|¢) from
register A to register B

Ul)a®0)p; = [$)a® )5
Ulo)a®@[0)p} = [9)a®|9)5

Perf. inner product- unitarity of U = (1|¢) = (¢|¢)?

= We can only copy mutually orthogonal states — equiv-
alent to copying of classical informattion
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Quantum chaos: 2-slit experiment

Screen

absorber
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Quantum chaos: 2-slit experiment

Integrated probability current on the screen wheih slits open:

2.5 (\ I(regular) — -
Wchaoﬁc .-
2t 1t IZ)/ T

ﬂ(

1.5

1(x)

1 F

05|
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Quantum chaos: 2-slit experiment

Integrated probability current on the screen whesmaleslit open:

2

1,.15(regular) —
1,,15(chaotic) ----

1(x)
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Quantum chaos: 2-slit experiment
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Quantum fidelity

Sensitivity ofquantum dynamidalgorithmU with
respect to perturbinglamiltoniadquantum gates
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Quantum fidelity

Sensitivity ofquantum dynamidalgorithmU with
respect to perturbinglamiltoniadquantum gates

W(t) = U'ly),

Ys(t)) = Uy,
Us = Uexp(—iVé/h).
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Quantum fidelity

Sensitivity ofquantum dynamidalgorithmU with
respect to perturbinglamiltoniadquantum gates

W(t) = U'ly),

Ys(t)) = Uy,
Us = Uexp(—iVé/h).

Definition (Quantum fidelity):
F(t) = [(ds(@)[w))]* = [(|Us U'l)|* = [(M;5(t))[*
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Quantum fidelity

Sensitivity ofquantum dynamidalgorithmU with
respect to perturbinglamiltoniadquantum gates

W(t) = U'ly),

Ys(t)) = Uy,
Us = Uexp(—iVé/h).

Definition (Quantum fidelity):
F(t) = [(ds(@)[w))]* = [(|Us U'l)|* = [(M;5(t))[*

IS an expectation value oinitary echo operator

M5(t) — UgtUt.
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LiTiICal TCoPUlSC UICUly O gquallitulli

fidelity

Step le Echo operator as an ordered product
LetV, := U 'VU', andlU U = exp(iV§/h), and

Ms(t)

U U

U(S_(t_l) Ut—l U—(t—l) U(;fUUt—l

Mj(t — 1) exp(iVi_10/h)

M;(t — 2) exp(iV;—20/h) exp(iV;-10/h)

| exp(iVyd/h) exp(iVid/h) - - - exp(iV;_10/h)
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Theory of quantum fidelly
Step 2e power series expansion i

i .

m=1 | t1 to..to,

Vi, - Vi .
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Theory of quantum fidelly
Step 2e power series expansion

i .

m=1 | t1 to..to,

Vi, -

Step 3e PutF'(t) = [{(xp|Ms(t)|+))|* to obtain convergent
o—expansion of quantum fidelity.
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To 2nd orderg?, quantum fidelity writes in terms of
temporal auto-correlation function of the perturbation

F(t) = 1—— Z Ct,t") +

t/ t//

(VirVir) — <th><Vt~>

Q
~—~
N
\.\
N
<
~—
]
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To 2nd orderg?, quantum fidelity writes in terms of
temporal auto-correlation function of the perturbation

F(t) = 1—— Z C(t',t") +

t't"=0

C(t',t") = (VuVir) — (Vi) (Vi)

A simple general rule:
The stronger decay of correlation,
the slower the decay of fidelity, and vice versa.
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Experiment: JC model

A spin-J in one oscillator mode of EM field:

h
H = hwa'a+ ke, + — (G(aJ,. +a'J )+ G'(a]J_+a'J
(Gt )+ el )

Classical limit:J — oo, h — 0, hJ = 1.

Perturbationidetuning’ V- = J,.
Initial state:coherent state

aa’—a*a —J TJ_
) = e 0)2 @ (1+|7[*)~"e™"]0),
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Beyond linear response: semiclassics

e Chaotic classical limit, arbitrary initial state:

Fem(t) — eXp(_t/Tem)a Tem —

hZ

520

o = limy_.o S o C(t';t") is a transport coefficient.
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Beyond linear response: semiclassics

e Chaotic classical limit, arbitrary initial state:
Fon(t) = exp(—t/Tom), Tem = %.

o = limy_.o S o C(t';t") is a transport coefficient.
e Non-ergodic classical dynamics, coherent init.state:

Fre(t) = exp (—t%/Te?), Tne ~ RY2571
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Beyond linear response: semiclassics

e Nonergodic classical dynamics, ergodic (random)
Initial state:

Foe(t) = konst. (¢/7me) "%, Tne ~ Y2571

0.1}

0.001 F

1 10 100 1000
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“Chaotic” quantm dynamics is more stable w.r.t.
perturbations in the Hamiltonian than “regular”.
“Chaoticity” in guantum dynamics is characterized
In terms of decaying temporal correlations.
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“Chaotic” quantm dynamics is more stable w.r.t.
perturbations in the Hamiltonian than “regular”.
“Chaoticity” in guantum dynamics is characterized
In terms of decaying temporal correlations.

The same conclusiomoes notold in classical
dynamics. The “paradox” is a consequence of
non-commutativity of the limits

) — 0andh — 0.
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“Chaotic” quantm dynamics is more stable w.r.t.
perturbations in the Hamiltonian than “regular”.
“Chaoticity” in guantum dynamics is characterized
In terms of decaying temporal correlations.

The same conclusiomoes notold in classical
dynamics. The “paradox” is a consequence of
non-commutativity of the limits

) — 0andh — 0.

Can this lesson be used for a design/optimization of
guantum algorithms?
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QA as a dynamical system
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QA as a dynamical system

Propagator
Ut,th=U)Ut—-1)---Ut' +2)Ut' + 1),
Ut',t) =U(t, ).
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QA as a dynamical system

Propagator

Ut t) = U@ Ut —1)--- Ut +2)U(t + 1),

Ut',t) =U(t, ).

Perturbationl/(t), Us(t) = U(t) exp(—idV (t)).
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QA as a dynamical system

Propagator
Ut,t)y=U)U(t—-1)---Ut' +2)U(t' + 1),
Ut',t) =U(t, ).

Perturbation/(t), Us(t) = U(t) exp(—20V (1)).
Fidelity (linear reposnse):

_1—522(1“

t,t/'=

whereC(t,t') = (U0, )V ()U(t, )V ({")UT', 0)|)
IS temporal correlator of the generator of perturbation.
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Optmization of quantum algorithms

Lesson:Staticperturbations are more dangerous than
NoISy ones.

Can chaos be useful in guantum mechanics? — p.26/33



Lesson:Staticperturbations are more dangerous than
NoISy ones.

The problem of optimizationRepresentation of unitary
transformations in terms of a sequence of quantum gates
U(t) is notunique. We seek for the “most chaotic”
guantum algorithm, which would minimize the
correlation sum.
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Lesson:Staticperturbations are more dangerous than
NoISy ones.

The problem of optimizationRepresentation of unitary
transformations in terms of a sequence of quantum gates
U(t) is notunique. We seek for the “most chaotic”
guantum algorithm, which would minimize the
correlation sum.

Let us assume:
Random initial staté))

Random static perturbatiaiV;; V) = 2700k

Ct, 1) = 27"t UL, )]
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Quantum Fourier transformation

Write the matrix

1
Ui = —exp(2migk/N),

N = 2", interms ofl" = n(n + 1)/2 1-qubit and 2-qubit
gates

I /1 1 . i /2lk—i]
Aj = NG (1 _1>j, Bj, = diag{1,1,1,e™*" "}
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Quantum Fourier transformation

Write the matrix

1
Ui = —exp(2migk/N),

N = 2", interms ofl" = n(n + 1)/2 1-qubit and 2-qubit
gates

I /1 1 . i /2lk—i
Aj = NG <1 _1>j, Bj, = diag{1,1,1,e™*" "}

E.g., forn = 4:
U =TyT12A0B01Bo2Bo3A1B12B13A2BosAs.
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The correlator

Blocks of B-gates result in long-talls of the correlator,
and consequently, fast decay of fidelity,

>y C(tt) ocn’.
Example forn = 10:

60 |-
50 |
40 | -4 A
30 "
_8 (‘5
20 | v
~10 =
10 19
0! H_14

O 10 20 30 40 50 60 Can chaos be useful in guantum mechanics? — p.28/33



Replace almost diagon&l-gates in terms of a pair of

new gaites
Bjk — Rjijk.

Then, redistribute the gates which commute.

We now havel’ ~ n? elementary gates, e.g. far= 4:

U = T03T12A0R01 R02R03G01 GOQ GOSAl R12R13G12G13A2R23G23A3
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Improved QFT exhibits much faster decay of
correlations , ., C(t, ') o< n?.
Example forn = 10:

>
t

~10 =
~12
~14

e I
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Improvement of quantum fidelity

Dependence on the number of qubits ([doe 0.04)
and on the strength of perturbation (foke= 8):

1

0.1

IF(T)I

0.01

0 005 01 015 02 025 03
n o)
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With repect to parametric stability, guantum
dynamics behaves just the opposite that the classica
dynamics.
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With repect to parametric stability, quantum

dynamics behaves just the opposite that the classica
dynamics.

We proposed, how this knowledge can be used in a
design of robust quantum information processing.

Can chaos be useful in guantum mechanics? — p.32/33



With repect to parametric stability, quantum

dynamics behaves just the opposite that the classica
dynamics.

We proposed, how this knowledge can be used in a
design of robust quantum information processing.

Alternative interpretation of quantum fidelity in
terms of aLoschmidt echtelps in understanding
dynamical origin of a macroscopic irreversibility.
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