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Integrability of differential systems

The integrability problem for systems of differential equations is one of
the main problems in the qualitative theory of differential systems. In
fact, integrability, although a rare phenomenon, is of great importance
due to applications in the bifurcation theory. In the study of
mathematical models it is important to detect rare systems that are

integrable, since perturbations of such systems exhibit a rich behavior
of bifurcations.

«O0>» «F» « > «

B. Fercec (FE,CAMTP) Integrability of complex planar systems 2/50

it
v
it

DA



From the beginning of the last century many papers have been
devoted to studies on the existence of a local analytic first integral in a
neighborhood of a singular point for real autonomous polynomial
differential systems in the plane. The most studied case is the singular
point with pure imaginary eigenvalues of the matrix of linear
approximation. Limiting our consideration to polynomial systems we
can write such systems in the form

n n
U=-v+ Y v,  v=u+ ) pu'v. (1)
irj=2 =2
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Local integrability

Theorem ( Poincaré-Lyapunov )
A system

n

v .

| Ut Z pju'v/ 2)
i+j=2 i+j=2

has a center at the origin if and only if it admits formal first integral of
the form

O =P+ VP4 D UV

k+1>3
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The center problem

X=ax+by+ Y apgxPyd,
p+q=2

p+q=2
A ( a b

c d),T—aer,A—ad—bc
T=0,A>0

-center or focus (depending on high order terms).
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Poincaré center problem

(1854-1912)
How to determine if the system

n

oy e

p+q=2

n (3)
V = —wu+ Z quupvq
p+q=2
has center or focus at the origin?
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Solved only for:
@ Dulac (1908) - quadratic system
@ Kapteyn (1911,1912), Frommer (1934) - real quadratic system

@ Saharnikov (1948), Sibirsky (1954,1955), Malkin (1966) - correct
coefficient conditions for a center for real quadratic system

@ Lloyd and Pearson (1992), Sadovskii (1997) - cubic Liénard
system

@ AI'muhamedov (1937), Saharnikov (1950), Malkin (1964),
Sadovski (1974)- linear center perturbed by cubic homogeneous
polynomials

@ Chavarriga and Giné (1996) - some conditions for linear center
perturbed with homogeneous polynomials of degree five

@ - -- some specific families.

«O» «F>» «=» « » DA
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Poincaré first return map

n n
U=au—pBv+ Y oV, v=pu+av+ Y guv.
ij=2

i+j=2
Poincaré first return map

2
Plp) = €75 p+ na2(v, B, v, Bj) o + ma(v, B, v, Bj)p° +

B. Feréec (FE,CAMTP)
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a=0,8=1— nk(aj, Bj) are polynomials.

D(p) = P(p) — p = m3(cjj, Bj)p® + nalcvy, Bj)p* + . ..

Coefficient n);, j € N is called jth Lyapunov number. '

Center

System (3) has a center at the origin if and only if all Lyapunov
numbers are 0.
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Complexification of a real system
We consider real system

n
U=-v+ Y v =-v+U(u,v),
ij=2

i+j=2

(4)
v=u+ Y Biuvi =u+ V(uv).

We introduce x = u + iv. Then we obtain from system (4) the equation
n—1

X=i(x— ) apxPt'x9).

p+a=1
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Complexification of a real system

Then we add to (5) its complex conjugate and denote X = y in
apq = bgp and we obtain system
n—1

n—1
X=i(x= Y apgxPy9), y=—ily— > bepxiyPt")
p+q=1

p+g=1
The change of time dr = idt transforms (6) to the system

n—1
X=(x= Y apgxPy%) = P(x,y),
p+q=1

n—1

(7)
y=—=(y— D bepxiyPt)=Q(xy),
p+q=1
where X, y, apqg, bgp € C.
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Definition of a complex center
System

n—1 n—1
X=(x— > apgxPty9), y=—(y— > bepxiyPth), (8)
p+q=1

p+q=1
has a center at the origin if it admits formal first integral of the form

oo S
T RS 3 3
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For complex systems

n—1 n—1
X=(x= Y apgxyN =P y=—(y— > bepxlyP™)=qQ,
p+q=1 p+g=1

we can always find function o
V(X, ; @pq. bgp) = XY + 22023 2.7 Vj.s—jX'y®/ such that

ov ov
w0 502911(XY)2+922(XY)3+'“ : (10)

and g11, 922, - .. are polynomials in the coefficients apq, bgp-

Focus quantities
Polynomial g is called kth focus quantity.

«O0>» «F» « > « 3 Q>
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Bautin ideal

Bautin ideal

Anideal B = (g11, 922, - . . ) generated by focus quantities is called
Bautin ideal. We denote by By ideal generated by first k focus
quantities, Bx = (911, 922, - - - Gkk)- The variety V(B) of Bautin ideal is
called the center variety and we denote it by V.

Center problem
Find the variety V.

«O» «F>» «=» « DA
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Mechanism for proving the integrability of polynomial
systems

n
X =X y)=x— Y apxtyk
jik=2

n
yo=Y0y)=—y+ > b Xyt
j+k=2

(11)

@ Hamiltonian systems (center at the origin)
@ Time-reversibility (center at the origin)

@ Darboux method

@ Monodromy arguments

@ Series expansions

@ Blow down to a node

@ Generalized time-reversibility
«O» «F>» «=» « DA
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Integrability of systems with quadratic and cubic nonlinearities

@ V. V. Amelkin, N. A. Lukashevich, and A. P. Sadovskii (1982)

@ C. Christopher, P. Mardesi¢, and C. Rousseau (2003)
@ Y. Liu, J. Li, W. Huang (2009)

@ V.G. Romanovski, D.S. Shafer (2009)
@ S. Lines, D. Cozma (2013)

Integrability of systems with quartic and quintic nonlinearities
@ C. X. Du, H. L. Mi, Y. R. Liu (2010)

@ J. Giné, V.G. Romanovski (2010)
@ B. FercCec, X. Chen, V.G. Romanovski (2011)

@ J. Giné, Z. Kadyrsizova, Y. Liu, V.G. Romanovski (2011)
@ B. Fercec, J. Giné, Y. Liu, V.G. Romanovski (2013)
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Local integrability of a quintic system

as

The general system with quintic homogeneous nonlinearities is written

- 5 4 3,2 2.3 4 5
X =X —agoX” —a X'y —aeX"y - —ai3X"yT —apuXy —a-sy-,
where x, y, aj;, bj € C.

Y ==y +bs_1x° + byox*y + b31x3y? + boax?y® + biaxy* + boay®,

(12)
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Local integrability of a quintic system

@ B. Feréec, J. Giné, V. G. Romanovski and V. F. Edneral.
Integrability of complex planar systems with homogeneous
nonlinearities. Preprint 2014.

- 5 4 3,2 2.3 4
X =X —asX" —az X'y — X'y —aizX"y- — apaXxy,

(C1)
(Cs)

Y ==y +bs_1x° + baox*y + ba1 x°y? + boox?y® + braxy* + boay®.

(13)
a1 = bz =1, (C2) a3y =1, bi3=0,
az1=0,biz=1, (C4)

as1 = byz = 0.
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In the case when asyb;3 # 0 system (13) can be transformed into
system (13) with condition (Cy) and in the case when az1by3 = 0 —into
a system with one of conditions (Cy) — (C4) satisfied. Hence, obtaining
necessary and sufficient conditions for integrability of system (13) with
one of conditions (Cy) — (Cy) fulfilled we obtain the complete solution
of the complex center problem for system (13).

«O» «F>» «=» « DA
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X (xy)—x—Zakxf+1 K
s (14)

y =Yxy)=-y+ Z by Xy,
jk=2

( Darboux and Liouville integrability.
. _ f(0,0) = 0 Monodromy arguments .
with f(x,y) =0 f(0,0) # 0 Proposition 1.
System Series expansions .
Reversibility .
without f(x,y) =0 { f(0,0) # 0 Proposition 2.
Blow down to a node.
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Darboux integrability

We now briefly present the method of Darboux integration for proving
the existence of first integrals and integrating factors for polynomial
systems of differential equations on C?.
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Darboux integrability

We now briefly present the method of Darboux integration for proving

the existence of first integrals and integrating factors for polynomial
systems of differential equations on C?.

Consider the system

)-(:P(va)v y:Q(X,y), (15)

where x, y € C and P and Q are polynomials.
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Definition

The polynomial f(x, y) € C|x, y| defines an algebraic invariant curve
such that

f(x,y) = 0 of system (15) if there exists a polynomial k(x, y) € C[x, y]
D(f) := of

of
= —P+ —Q=kf.
ox * 6yo
The polynomial k(x, y) is called cofactor of f.

(16)
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Suppose that the curves defined by

fi=0,....f=0
k17

are invariant algebraic curves of system (15) with the cofactors
|

S
Za,-k,:o,
j=1

(17)
then H = £ .- fg's is a (Darboux) first integral of the system (15) and if

S
> Biki=—Pe-Q
j=1
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Suppose that the curves defined by

fi=0,....f=0
k17

are invariant algebraic curves of system (15) with the cofactors
|

S
Za,-k,:o,
j=1

(17)
then H = £ .- fg's is a (Darboux) first integral of the system (15) and if

S
> Biki=—Pe-Q
j=1

This integrating factor is called Darboux integrating factor.
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Time-reversibility (Reversibility)

Definition

It is said that the system

X:h(X,y), y:g(xvy) (19)

is (time-)reversible if there is an invertible transformation R,
(x1,¥1) = R(x,y), such that the system is invariant under the
transformation and the time inversion t — —T.

The simplest case of reversibility is when R is a linear transformation
of the form

R:xi =y, y1—v X, (20)

for some v € C\ {0}. If a system (14) is reversible with respect to (20)
then it admits a local analytic first integral of the form W = xy + h.o.t.

«O» «F>» «=» « » DA
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Generalized reversibility

We discuss two kinds of generalized reversibility of systems (14) with
form

homogeneous nonlinearities of degree d with respect to maps of the
_ k1y . ng
iy N qeyyen @Y
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Proposition 1 (B.F., J. Giné, V.G. Romanovski, V.F.Edneral)

Assume that for a differential system (14) there is an invertible change of
coordinates u = u(x, y), v = v(x,y), with the inverse
x = x(u,v), y = y(u, v), which brings the system to the form

du _ X(u,v) @:_y(u, V)
dt o ?(u’ v) ’ at ?(U, V) ’ (22)

where X(x,y) and Y(x, y) are the same polynomials as in (14) in the
variables (u, v), and

ou ou X(u,v)
X(X,y)—Fy(X,y)) = = ) (23)

<3X 3}’ x=x(u,v),y=y(u,v) f(U, V)

ov ov Y(u,v)
GrAn + ) = JWY) gy

(3X ay x=x(u,v),y=y(u,v) f(Ua V)
Xy = uv + h.o.t. (25)

Then system (14) has a complex center at the origin.

«O0>» «F» « > «
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Proof.

Suppose that system (14) is not integrable. Since
X =x+ ho.t., Y =—-y+ ho.t. there exists a formal power series
F(x,y) = xy + h.o.t, such that
dF(x,y)
dt

_ OF(x,y) OF(x,y) _ m
v Ox X(x, Hiay V(x,¥) = Am(xy)" + h.o.t., (26)

where m is a positive integer and A, # 0 is a constant. Then

Ly ORI DRV Ov
dt (14)7 ou 8XX(X’y) v ox (x,y)
OF(u.v)ouy, .\ OF(u.v)ov
ou 6yy( Y+ v ayy(XJ/) (27)
- L [oHuy) U B
_7(u,v)[ oy W)+ ==Y, v) | = —Am(xy)” + hodt,

where the second equality holds due to (23) and (24) and the last one due to
(25). From (26) and (27) we have that A\, = 0.

= the corresponding system (14) is integrable =-a complex center at the

A i A i a
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The equation f(u, v) = 0 not necessary defines an invariant curve of
system (14). However in all the examples where we apply Proposition
1 there is a unique invariant curve which is helpful in proving that
system (14) has a complex center at the origin.

This approach was used first in

@ B. FerCec, J. Giné, Y. Liu, V.G. Romanovski, Integrability
conditions for Lotka-Volterra planar complex quartic systems
having homogeneous nonlinearities. Acta Appl. Math. 124 (2013),
107-122.

to prove the integrability of a certain quartic system.
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We give another example of its application solving an open problem
proposed in

@ B. FerCec, X. Chen and V. G. Romanovski. Integrability conditions
for complex systems with homogeneous quintic nonlinearities.
Journal of Applied Analysis and Computation (2011), no. 1, 9-20.

X = x — agx® — ag1x*y — anx®y? — aizx®y® — agaxy* - y°,
y=-y+ x° + b40x4y + b31x3y2 + b22x2y3 + b13xy4 + b04y5.

(28)

Four subfamilies:
® 40 = bog =0
@ az = by3 = 0 — OPEN CASE:
boo = a0 + boa = bag = @ps = b3y +1=a;3+1=0
® a;3=0Db31 =0

()] 304:b4o:0.
«O» «F>» «=» « » DA
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X =X + boax® + x2y° — y® = P(x,y),
y=—y+x>=x3?+ buy® = Q(x,y).

For system (29) we have only one invariant curve of degree four

f =1+ boa(x* — y*) which is not enough to construct a Darboux first
integral or a Darboux integrating factor.

We can use Proposition 1 in order to prove that this system has first
integral of the form ¢» = xy + h.o.t. The transformation

(29)

U:L and v = X

f(x, )1/ f(x, y)1/4
satisfies (23)—(25).
Hence by Proposition 1 we see that system (29) is integrable and,
therefore, has a complex center at the origin.

«O» «F>» «=» « » DA
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Sometimes the reversibility is hidden and just through a change of variables
and a scaling of time can be detected. The next proposition treats this
situation when the system becomes reversible with respect to involution (20)
after a change of coordinate and a time rescaling.

Proposition 2 (B.F., J. Giné, V.G. Romanovski, V.F.Edneral)

Assume that by an invertible analytic transformation of the form

z=kx+ ho.t., w = koy + h.o.t. (30)
and the time rescaling dt = f(w, z)dT system (14) can be written in the form

az aw
=21+ hzw), =

where h(z, w) is an analytic function of (z, w). Then system (14) has a
complex center at the origin if system (31) is invariant under the
transformationz - w,w - zand T — —T.

w(1 — h(z, w)), (31)

«O0>» «F» «=» « >
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Proof.

System (31) is invariant under the
transformation z —+ w, w — z and
T — —T,that means, itis a
time-reversible system. Hence, by Theorem .

theorem of [Romanovski&Shafer,2009] (Romanovski&Shafer,2009)
system (31) has a first integral of the ~ Every time-reversible system of the
form ¢ =zw +---, thatis, it has a form (14) has a center at the origin.
complex center at the origin and
consequently, since (30) is invertible
near the origin, system (14) also has a
complex center at the origin.

«O» «F>» «=» « DA
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Lemma

f(w, z) of degree m such that

Let f be a polynomial of the form f(x,y) =1+ F(x,y), where Fis a
homogeneous polynomial of degree m. Then there exists a polynomial

f(w, 2)f(x,y) =1
for

z=kyy/f(x,y)"/™and w = kpx/f(x, y)"/"
Moreover,

where

(32)
f(x,y) =1+ G(x,y),

__F(X Y
G(X7.y)_ F<k27k1).
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Consider now a polynomial Lotka-Volterra system of the form
x=x(1+Axy)), y=-y(1+B(xy)), (35)
where A and B are homogeneous polynomials of degree d.

Proposition 3 (B.F., J. Giné, V.G. Romanovski, V.F.Edneral)

There exists a polynomial f of the form f =1+ F(x, y), where Fis a
homogeneous polynomial of degree d — 1 such that the change of
coordinates

z=ky/f(x,y)@ D and w = kox/f(x, )"/, (36)
whose inverse change is given by
x = w/(kef(w,2) D) and y = z/(kiF(w, 2)""1),  (37)

where f(w, z) = 1/f(x(w, z), y(w, z)) transforms (35) to a system of
the form (31).

«O0>» «F» «=» « >
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Moreover,

h(w,z) = % <(B— A)
(v

A(w,z) = A(w/kz, 2/ ky),

where

d(A+ B)

o)

A+ B

f:1+T (38)
n 1 X@(A+B)

d—1 < ox )

(f+ A)—
x=w/ky,y=z/ki

(f + B))) ., (39)
x=w/kp,y=2/ki

B(w,z) = B(w/ks, z/ky).

«O0>» «F» « >
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As a direct corollary of Propositions 2 and 3 we obtain the following
criterion for existence of a center.

Proposition 4 (B.F., J. Giné, V.G. Romanovski, V.F.Edneral)
System (35) has a complex center of the origin if

h(w,z) + h(z,w) =0, (41)
where h is the function defined by (39).

«O0>» «F» « > «
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X =X — agpx® — 331)(4}’ - a22x3y2 - a13x2y3 - <’=104Xy4 - 3—15}/5,
Y =~y + bs_1x> + baox*y + ba1x3y? + boox?y® + bizxy* + boay”,
(42)

Theorem

System (42) with a_15 = bs _1 = 0 and a2 = bop has a center at the origin if
one of the following conditions holds:

1) bag = @ps = 3 bzt — as1 = 3 a3 — b1z = bop = bos @5, + @ao bz = 0,

2) aso @os — boa bao = @13 as1 — by b1z = @5, @ — b4 bag =

bs1 @31 @0 — @13 b1a bag = b3, @os — @35 bao = bos 831 — a0 b3y =

bs1 bos @zt — @13 ao b1z = &4 aso — b5, boa = 0,

«O0>» «F» « > «
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3) @40 @os + boa bag = 3 bz b1z — az1 b1z + 3 bos bao + @pa bag =

2 bz b1z — 3 b3t @os — @31 @4 = 3 @13 @31 — asq b1z — 3 boa bao + 8oa bao =
2 bz @31 — 3 @13 bag — b13 bag = 9 @s0 bos — 4 @31 b3 + aoa bao =

3 b31 boa — bos @s1 — bay @os — @31 Aos = 3 @13 bos — boa bi3 + @13 o4 + b13 A0a =
3 boo bos — 3 @13 b1z + b + boo @os = 3 bs1 Aso — a0 @31 + bs1 bag + @31 bag =

3 ay3 aso — o b1z — a1z bao — b1z bag = 3 bop Q4o — 3 bzt @zt + @54 + boo bag =

9b3, — 6 bs1 @zt + @, + 4 bop bag = 9 @13 bg1 — @zt bz — 2 8pa bag =

2 bop b31 + @13 bag — b1z bag = 9 @35 — 6 @13 big + b25 + 4 boo @ps =

2 boo @13+ bs1 @os — @31 @os = b5, — Aoa bao = 4 @zt bi3 @oa+9 b3y bag — 354 bag =
a5, aoa — 3 a1z b1z bag + boo @oa bao = 3 bzt @zt @oa — 3 @5, @os + 9 @13 biz bag —

bS5 bao — 4 boo @pa bao = 3 @13 b25 — b3y — 3 bos @31 Apa — 3 bs1 83, — 2831 @4 =
48%1 + 96?10 bz + 12 asg b1z bag + 6 ai3 bﬁo + 5 by3 bio =

3 bos a§1 + 3 as b123 + 6 a13 biz bag + 2b123 bag — bos Aga bag =

3bs1 a5 — @y — 3auo biz bag — 3aiz by — 2 b1z bz, =

9b34 asq +4b$3 + 12 bos as1 8ga + 6 b3y 8(2)4 + 5 asq 834 = 16b$3 dos —

81 bg4 b40 —108 b84 ao4 b40 —54 bg4 334 b40 — 12b04 884 b40 — 334 b40 =0.

«O0>» «F» «=» « >
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For this system we write down the function h(w, z) defined by (39).
Then we see that (41) holds if and only if

a5,+2a13831+2804840 — b3, —2b13b31 —2bgabag = appazi k2 +arzasnk? —
bopba1k? — bi3baok? + ai3a02k3 + @oadstks — bizbooks — boaba1kZ =
a5, ki + 2anakt — b3, ki — 2boobaokt + @2,ky + 2apadnoky — b2,ky —
.2b()4bggk§1 = 331k12—3b31k12+3313k§—b13k2 = b4()k14—|-a()4k§1 = a§1k14+
2322840/(14—b§1 k14—2b22b40k14+a$3k§+2304322k§—b123k5’—2b04b22k4 =
(@22 — bo2)K8KS = agtauok® — bs1baok? + agaaiskS — boabigkS =

astk? — 3bg1k? + 3aizk? — bigks = agok® — b2,k8 + a2, kS — b2,k8 =
a§0k18 — b§0k18 + 3(2)4/(28 — b(2)4k28b40k14 + él()4k§1 =0.

«O» «F>» «=» « DA
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Since ki and k» should be different from 0, we add to the polynomials
defining the system given above the polynomials 1 — ak; and 1 — ko
obtaining an ideal which we denote by /. Then we compute the forth
elimination ideal Iy = IN Q[a4o, - - -, o4, bao, - - - , boa] (we did this with
the routine eliminate of the computer algebra SINGULAR).

Further computations became very laborious, so to simplify them
without lose of generality we set aso = bos (since the first non-zero
focus quantity is go » = az» — bo2). Then, with the routine minAssGTZ
of the primdec library of SINGULAR we find that the set of common
zeros of the polynomials of the ideal I; consists of 3 components
presented in the statement of the theorem.

«O» «F>» «=» « » DA
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Similar approach can be applied to any system with homogeneous
nonlinearities (not only to Lotka-Volterra systems). However in the
general case we cannot transform the system to the form (31) and we
were not able to obtain a generalization of Proposition 3. We
demonstrate how the approach works for general systems with
homogeneous nonlinearities using as example the quadratic system

X =X + a10X? + a1 Xy + a_12y?,

. (43)
Y ==Y+ bioxy + bory® + bz _1x°.

«O» «F>» «=» « DA
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Letf=1+c¢ix+ coy and f=1-—c w/ky — C2z/ky. Then ff evaluated
at

Xk2 yk1

T AT

is identically equal to one. Applying the inverse of (44) to system (43)
we obtain a cubic system. The obtained system is time-reversible if
conditions of Theorem 6 of [C.Christopher&C.Rousseau (2004)] are
fulfilled. We plug in the coefficients of the obtained systems to the
polynomials of Theorem 6 , then, similarly as above, we add the
polynomials 1 — kya, 1 — ko3, then eliminate from the obtained ideal
a, B, k1, ko, ¢ and co.

(44)
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Computing the minimal associated primes of the obtained ideal we
obtain two ideals:

Ji = (@10801 — biobot, a_12b3) — bo 1831, @pa_12 — ba_1b3;,

2 2 2 2
a0a_12b7g — a1 b2,—1bo1, @jpa—12b10 — ap1b2,_1b41),

and

Jo = (b10, @01, &p@12 — Bar0@_12bo1 b, 1 + b3y b2, 1 + 822,05 _4).
As it is well-known [Romanosvki& Shafer (2009)] the variety of J; is

the component of the center variety of system (43) corresponding to
systems reversible with respect to the transformation

X, t— —t,

X=y, Y=
and the variety of J, is the subset of the component of the center
variety corresponding to Darboux integrable systems with 3 invariant
lines.
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Local integrability of a quintic system

- 5 4 3,2 2.3 4
X =X —asX" —az X'y —apX'y" —aizX"y T — apXxy,

(C1)
(Gs)

Y ==y +bs_1x° + baox*y + bz1 x°y? + boox?y® + braxy* + boay®.

as1 = byz =1, (Co)
a1 =0, bz =1,

(45)
(Ca)

az1 =1, b1z =0,
ag1 = b1z =0.

«O0>» «F» « >
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Theorem 1

For system (45) with condition (Cy) and bsz; = ap the following conditions are
necessary for existence of the complex center at the origin:

1) bs,_1 = a3 — b3y = bzy1aps — 3804 — bos + 3bpabs1 =
3bs1a40 — aso + bz1bao — 3bsg = @13 + aos840 — b31 — boabao = 0;

14) 5boo — 16bgs = 5b31 + 3 = 9bgs + 5byg = 25b5771 +6 = ags + 7bgs =
a3 + 1 =25a4 — 3bps = 12b5, — 5 =0;

18) 3boz — 4bgs = 3bsg — 5bos = 2b5 1 +1 = @ps — 3bps = b3y =2a13 — 1 =
aso + 3bgs = 64b(2)4 -3=0;

19) bos = bop = 3b31 — 1 = bgo = o4 = 3a13 —1 = as0 = 0.

Moreover, if one of conditions 1)-7), 9)-19) is fulfilled then the corresponding
system has a complex center at the origin.
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Darboux integrability

Case 14
f =x,
fo =1 — Pg(x,y)
3 =Qs(x,y),
fa =1 — Rg(x,y)

f5 =y + H5(Xay)‘

4
DARBOUX FIRST INTEGRAL:

V(x,y)=f f2f5f3_%f42 = xy + h.o.t.

«O0>» «F» « > «
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Case 19
The corresponding system is

2,3
)'(:x—x“y—%,

. x3y2
J =yt bs 0+ Tyt

We introduce the change of variables u = x3y and v = x8, whose

inverse change is
1 3
X=V8, y=vVvsu,

which transforms, after a re-scaling of time, system (46) into

«CO» «Fr» «EE» «=>» = DA
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u=X+bs_1Y, v=6Y brings (47) to the form

4

System (47) has a resonant node at the origin. The transformation
. 2b¢ Y3

g §b§,1XY2 + §b§7_1X2Y
8b5 Y2 N 2bs _1 X3 L 4bs XY 4X?
3 9 3 (48)
. 2b3 Y 2, , 2 )
Y :4Y— 9 - §b5’_1XY — §b57_1X Y
3
—4bs_1Y? — 2;)( —4XY.

«O0>» «F» « >
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Poincaré-Lyapunov normal form theory
An analytic system

X=X+ > UeXIYE Y=nY+ Y VXX
j+k:2 j+k:2

by a convergent transformation

E=X+ Y apXIYE =Y+ Y guXYk
j+k=2 j+k=2

can be brought to the normal form

n=—n+at".
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System (47) is linearizable if and only if the resonant monomial a¢* in
the formal normal form is zero. Calculations of the normal form show
that for system (48) this is the case, that is the normal form of the
system is linear.

Normalizing transformation

4
X =X —§x12+

1 8

3 bs 1 X Y1+ 51 b _1 Y2+ O(XZ, X1 Y1, YD),

Y=Y;—4X Yy —bs_1 Y2+ O(XZ, X1 Y4, Y?),

(50)

Linear system

Xi = X1, Y1 = 4Y,
FIRST INTEGRAL: X14/Y1
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