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Abstract

This thesis addresses questions and presents results that require the combination of two dis-
ciplines: on the one hand, we wish to develop and understand fundamental tools of Hamiltonian
systems and, on the other hand, we plan to use them to study the dynamics of certain basic models
of barred galaxies.

For this reason we shall start by investigating some important dynamical phenomena concerning
the stability of periodic oscillations in N degree of freedom Hamiltonian systems and N coupled
symplectic maps. Furthermore, we will extend our study to the vicinity of such motions and analyze
quasiperiodic orbits aiming to find conditions under which they break down and chaotic behavior
settles in. This will be accomplished by computing the GALI indices along every reference orbit. If
the central periodic orbit is stable, the GALI method can be used to determine the dimensionality
of the tori surrounding this orbit in the 2N—dimensional phase space. Furthermore, it can be
applied to detect regimes where such tori cease to exist and most choices of initial conditions lead
to chaotic orbits. We shall do this by studying a system of N coupled standard maps, searching
for stable periodic motion surrounded by of tori beyond which there is chaos. In order to achieve
this goal, we choose two different types of initial conditions: a) localized in real space, exciting a
“small” number of particles (called a breather) and studying their regular or chaotic motion and
b) localized in Fourier space (called q—breather), exciting a “small” number of normal modes and
studying recurrence phenomena.

We then turn to the detailed study of orbital star motion in galactic potentials which constitutes
a fundamental aspect of dynamical astronomy and is the second major theme of this thesis. Starting
with models that describe galaxies and their star motion, it is well-known that the analysis of
periodic orbits, and their stability, can provide very useful information about galaxy evolution.
Stable periodic orbits are associated with regular motion, since they are surrounded by quasi—
periodic tori. A fundamental question that arises therefore is what is the extent of these stability
regions? Another recent result in galactic dynamics is that there are also several chaotic orbits that
can support galaxy features, like rotating bars. The phenomenon of “stickiness” (“sticky” orbits)
is also very common in this kind of Hamiltonian systems, i.e. orbits that their chaotic nature takes
a long time to be revealed.

Several new chaos detection methods have been introduced and applied in the last years for
the detection of chaotic and regular motion in galaxy models, either by studying the behavior of
deviation vectors or by analyzing time series constructed by the coordinates of each orbit. In this
thesis, we shall focus on a Ferrers’ barred galaxy model and study not only the distinction between
regular, sticky and chaotic solutions but also the significance of these findings over time interval
that have a physical meaning, i.e. roughly a Hubble time.

To accomplish this we will use the method Generalized Alignment Indexes (GALI) for the
distinction between the chaotic and regular motion as well as new ways of interpreting Fourier
spectra and momentum distribution. Combining all these we achieve two goals: First, we are able
to detect fast and efficiently the true nature of the orbits and second, we can distinguish between
chaotic orbits with different types of orbital diffusion in real space. We find that there are chaotic
orbits that behave in a “regular—like” manner for long enough times that their characteristics are
not yet revealed from an observational point of view. Finally, we present some results concerning
several regular orbits with regard to their orbital complexity, in terms of torus dimensionality.
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Résumé

Cette these aborde des questions et présente de résultats qui exigent la combinaison des deux
disciplines: d’une part, nous souhaitons comprendre et développer des outils fondamentaux des
systemes hamiltoniens et d’ autre part nous envisageons de les utiliser pour étudier la dynamique
de certains modeles de galaxies barrées.

Pour cette raison, nous allons commencer par étudier d’importants phénomenes dynamiques
concernant la stabilité des oscillations périodiques dans les systéemes hamiltoniens a N degrés de
liberté ainsi que les applications N—symplectiques couplées. Ensuite, nous allons étendre notre tra-
vail au voisinage de ces regions et analyser les orbites quasiperiodiques pour trouver des conditions
dans lesquelles ces phénomenes disparaissent et pour lesquelles le comportement devient chaotique.
Ceci sera effectué, en calculant les indices de GALI le long de chaque orbite de référence. Si I'orbite
est périodique stable, la méthode GALI peut étre utilisée pour déterminer la dimensionnalité du
tore autour de cette orbite dans 1’espace des phases 4 2N—dimensions. Cette méthode peut alors
étre appliqué pour détecter les régimes ou ces tores n’existent plus et ou la plupart des choix de
conditions initiales conduisent a des orbites chaotiques. Nous étudierons donc un systeme de N—
applications standard couplées et en cherchant des orbites périodiques stables limitées par le tore
au—dela duquel le chaos apparait. Afin d’ atteindre cet objectif, nous choisissons deux types de
conditions initiales : a) localisées dans I’ espace réel, en excitant un “petit” nombre de particules
(appelé “breathers”) et en étudiant leur mouvement régulier ou chaotique et b) localisées dans
I’ espace de Fourier (appelé q—“breather”), en excitant maintenant un “petit” nombre de modes
normaux et en étudiant les phénomenes récurrents.

Nous passons ensuite au second théme principal de cette these en étudiant en détails un probleme
fondamental de dynamique astrophysique : les orbites d’étoiles dans le potentiel galactique. A
partir de modeles qui décrivent des galaxies et leur mouvement d’étoiles, il est bien - connu que
I’ analyse des orbites périodiques et leur stabilité, peut fournir des informations tres utiles sur
I’évolution des galaxies. Les orbites périodiques stable sont associées 4 un mouvement régulier,
puisqu’ ils sont entourés d’un tore quasi-—périodique. Une question fondamentale qui se pose alors
est I’étendue de ces régions de stabilité. Un autre résultat en dynamique galactique est la présence
de plusieurs orbites chaotiques comportant des caractéristiques de galaxies, comme la rotation de
barre. Le phénomene de “stickiness” (orbites “collantes”) est également trés fréquent dans ce genre
de systemes Hamiltoniens, ¢’ est-a-dire que leurs orbites révelent leur nature chaotiques lentement.

Plusieurs nouvelles méthodes de détection du chaos ont été introduites et appliquées au cours
des dernieres années pour la détection de mouvement chaotique ou régulier dans des modeles
de galaxies, soit en étudiant la comportement des vecteurs deviation ou par 1’ analyse de séries
chronologiques construites par les coordonnées de chaque orbite. Dans cette these, nous nous
consacrons au modele de galaxies barreé de Ferrers et nous étudions non seulement la distinction
entre les solutions régulieres, “sticky” ou chaotiques, mais aussi I’ importance de ces conclusions
sur un intervalle de temps ayant un sens physique, c’est-a-dire environ un temps de Hubble.

Pour accomplir cela, nous utiliserons la méthode de “Generalized Alignment Indexes” (GALI)
pour la distinction entre mouvement chaotique ou régulier ainsi que de nouvelles manieres d’ in-
terprétation des spectres de Fourier et de la distribution de vitesse ou de quantité de mouvement.
La combinaison de tout cela nous permet d’atteindre deux objectifs : Tout d” abord, nous pouvons
détecter rapidement et efficacement la véritable nature des orbites et d’ autre part, nous pouvons
distinguer entre orbites chaotiques de diffusion orbitale dans I’espace réel différente. Nous avons
montré qu’ il existe des orbites chaotiques se comportant de maniere “réguliere” suffisamment
longtemps pour que leur caractéristiques n’ aient pas encore été révélées du point de vue observa-
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tionnel. Nous donnons enfin quelques résultats sur des orbites régulieres concernant leur complexité
orbitale, en termes la dimension du tore.
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IMepiAndn

H napotoa datpiBh ¥€tet npoPAnuatiopole xou napouctdlet anote éopato Tou anoutolv Guvdu-
aoud 800 EMOTNUOVIXAOY XAGBwY xat xatevdivoewy. Ag’ evog emdupolue Vo XATavoRCOUUE Xt Vol
avantiZouye to Yepehddn epyoheia TV XoATOVIOVGOY CUCTNUATWY Xou ap’ ETEPOU GXOTEVOUUE Vo To
YENOILOTOIAGOVUE, YLd VO LEAETHOOUPE T1) BuVAULXY OpIOUEVRY BaCIXMY LOVTEAWY pofBmTOV YUAUELDY.

[ot tov Aoy o autév Yo apyiooupe Ye TNV UERETY LEQIXMY CHUAVTIXAOY SUVOIXAOY PAUVOUEVWY GYETIXS
HE TN eUoTAYELd TV TEPOBIXAOY TAAAVT®oEwY Xapthtoviavey cuotnudtwy N Badudv ehevdeploc xot
N—cuvdepévwv ouunhextix®y anewovicewv. Emnkéov, da enexteivoupe ) pehétn poc otnv neptoy;
TETOIWV XVHGEWY Xt Vot avaABoOUPE TIC 0pYaVLUEVES Tpoytéc, aToyebovtac va fpolue cuviixes xdtw
and ¢ onoleg autée Stohlovtar xou egpaviletor yaotixy cupnepipopd. Avutd Yo emteuydel pe tov
unohoytopd twv dextdv GALI xatd phixoc xdVe tpoyide. Edv n xevtpd| neptodixd) tpoyid eivou
otadepy|, N uédodoc GALI ynoget va ypnotponomiel yio va xadopioet T dtactauxdtnia 1wy 1épwyv Tou
nepiBdhhouy authy TV TpoyLd péoa otov 2IN-8Ldotato Yweo @docwy. Emniéov, unopel va epapuoctel
yiot var aviy veudelt amd moto onueio xat YeTd, Tadouy Vo UTEEY OUY OL TOPOL Xal Ot TEPLGCOTERES EMAOYES
TV opYIXOV bpwv 0dnyolyv ot yaotxt, auvunepipopd. Ilpoxewwévou va emteuydel autde o otdy0C,
emthéyoupe 000 DrapopeTinolsc TOTOUS dpYIXOY ouVUTXMV: o) EVIOTIOUEVEC GTO TPAYHUTIXG YDEO,
dreyelpovtac évav ‘uixpd’ aprdud cwpatidiny (YVeotdy ¢ mrodg) xar PEET®VTOC TNV xavovixh f
yaotixh xivion toug xou B) evioniopéves oo ywpo Fourier (Yvwotéc we g-mroés), deyeipovtac tdhpa
évay ‘Uixpd’ aptiud Kavovikay Tpotwy TaAdyTwans xol JEAETOVTIC pavipeva enavdAntikotnTas.

Y11 OUVEYELN EMXEVIPWVOUIOTE OT1 AETTOPERT, UEAETN TNS XIVNOTC TEOYLOY ACTEPIWOY OE YOAUE-
taxd duvoixd mou amotehel por and Tic VePeADOES TTUYES TNS OUVOIXTC OOTPOVOUING Xt ATOTENEL
10 deltepo onuavtxd Vépa authc e StotptPrc. ZextvoOvTac Pe HOVIENX TOU TEPLYPAQOUY TNV xivnom
aoTeEpLY o€ eva yahadio, eivar YVoTd 6Tl 1) avdAUOY) TWV TEQIOBIXGY TEOYLOY, X 1) EVsTadeld Tou-
¢, elvon yprowec mAnpogopieg yia v eZéhln autwdv. Ot evotdleic meplodixéc tpoytéc ouvbéovta
He opYaveuévn xivnor, dedopévou Ott elvan xovtd oe oyeddv—Teplodixolc topous. ‘Eva Yepeliddeg
{Atnua Tou TEoXUTTEL ENOUEVLC elvan ToLaL €lvall 1) €XTAOY) QUTWY TwV TEPLOY WY euctdletos ‘Eva dhho
npbogato anotéheoua oy Yohaltoxy duvoxy etval 6Tt UTdpEY oLV ETioNG DIAPOPES YAOTIXES TROYLES
TOU UnopolV VA UTOoTNEIEOUY TA YopaxXTNEIoTXd Yvwelopata Yohol®y, dnwe oTn nepinTtwor nepl-
otpepbueveyY pdBdwy. To gouvduevo ‘stickiness’ (koAdddes tpoytéc) eivar enione mold xowd oe
Tétot0V eldouc XoAtoviovd cuoTnudTa, dnh. TROYIES TV OTOolWY 1 YooTIXH PUOT TOuC XoVUCTEREL Va
anoxohu@iet.

Néeg pédodor aviyveuong ydotixrg oupneptpopds €xouv etoaydel xat €youy eqopuootel Ta TeheuTtaia
YEOVIAL VI TOV DLy ELoUs UETAED TNG YAOTIXAS Xou XoVOVIXNG XIVNoNg o€ LOVTEND YahaEL®Y, EITE HECK
NG MERETY TNG CUUTEPLPORAS DLAVUOUATWY andxhlong €ite UEOW TNE AVAAUOTS YPOVOGELRMY GUVTETAY-
pévav xdle tpoyldc. Xtny mapoloa datply), eondloupe o poviéha podwtwv yahaliwy ‘Ferrers’
X0 LEAETOVUE Oyt LOVO TN B1dxpLon HETAE) TWV XOVOVIXADV Xl YAOTIXOY ADCEWY dANE xou Tne onpooiog
QUTMYV YIo YPOVIXES Teptddouc pe Quotxy, onuooio, Snh. BlaotAuata mov mpooeyyilouv wa teptddo
Hubble.

INo va to emtdyouye autd Vo YENOLLOTOAGOUPE TN YEVIXELUEVY U€V0B0 BEtXTOV euluypdumiong
GALI vy tn 8idxpion PETAE) YOOTIXMY XAl XAVOVIXOV TEOYLMOY xad®¢ enione xat VEoue TpéTous Un-
ohoyiopol gacudtwy Fourier xat xatoavou®y tayuthtwy. Suvdudlovias Oha autd enttdy Y Evouue dVo
otoyoug: Kat’ apyde, eipaote oe Héon va aviyveboouue Ypryopa xou anoteheauatixd tny akndvy gion
TV TEOYLOY Xt BEVTEQOY, UTOPOVUE Va SLaxpiVoUUEe YETAE) YOOTIXDY TROYLOY, EXEIVES Tou eupavilouy
BlaopeTixol TOTOU Blaybon atov Ywpo xiviorne. 'Etot avaxalintouye 4Tt undpyouy yaoTxéc Tpoytéq
TIOU CUUTEQLYEPOVTAL YLl APXETA PEYFAOUC Ypbvoug pe ‘opyavwuévo—teono’. Télog mapouotdlouye
HEPIXE AmOTENEOUATA VIO OPYAVWUEVES TPOYIES, mou oyetilovtal e 1 SLoTATIXOTNTUS TRV TOPWY,
ENAVL 0TOUC omoloug TpayUatonotelton 1 xivnoy Touc.
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CHAPTER 1
INTRODUCTION

Classical chaos is by now fairly well understood in low-dimensional Hamiltonian systems. Since
Poincaré proved that the 3-body gravitational system is not integrable, much insight has been
gained about regular and chaotic dynamics in more general Hamiltonian systems. The essential
feature of a chaotic system is its sensitivity to initial conditions. A slight change in one of its vari-
ables may result in an entirely different time evolution. A dynamical system may be deterministic,
in the sense that its equations of motion are known, and yet its solutions may become completely
unpredictable after relatively short time intervals.

Astronomy is the science that deals with the origin, evolution, composition, location and motion
of all bodies and scattered matter in the universe. It includes Astrophysics, which focuses on the
physical properties and structure of cosmic bodies and celestial matter and exploits the principles
and methods of Physics to model astronomical systems and understand the processes taking place in
them. In recent decades, a new approach has been introduced and applied to a variety of disciplines,
in which dynamical systems are used as mathematical models. It is the theory of nonlinear dynamics
and chaos and has evolved from the study of dynamical systems which behave unpredictably and
exhibit complex characteristics, despite their seeming simplicity and deterministic nature. The
complex behavior of such systems is attributed to their extreme of sensitivity to initial conditions,
whereby two initial states differing only by a minute amount, rapidly deviate exponentially away
from each other in phase space. This theory has been most fruitful in almost all fields of Physics,
but it is important to recall that its first paradigms were actually deeply rooted in Astronomy and
in particular in the stability of the solar system.

A large number of astronomical problems are theoretically modelled by nonlinear dynamical
systems. The application of the ideas and methods of chaos and complexity to Astrophysics thus
seems to be natural. Indeed, these methods have already been exploited to study systems on
a vast variety of scales — from planetary satellites through pulsating stars and up to the large
scale phenomena in structure of the universe. The main importance of these approaches lies in
their ability to provide new analytical insights into the intricate physical processes taking place
in cosmic matter, shaping the various astronomical objects and causing the prominent observable
phenomena that occur in them.

Planetary systems, star clusters of various richness, galaxies and galaxy clusters and super—
clusters (clusters of clusters) can be approached most directly by considering the gravitational
N-body problem (GNBP). In this approach all other interactions, save the gravitational one, are
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neglected, and the bodies are considered to be point masses. This model is viable, at least approx-
imately, when the distances between the bodies are much larger than their typical size and any
scattered matter between the bodies has only a very small effect on the dynamics. The GNBP is
one of the paradigms of classical dynamics, whose development originated in Newton’s laws and
through the implementation of techniques of mathematical analysis (mainly by Lagrange in his work
Analytical Mechanics, published in 1788) and finally acquired a powerful abstract formulation in
terms of the canonical variables of Hamiltonian Mechanics.

Hamiltonian systems, that is, dynamical systems that obey Hamilton’s equations, are endowed
with important conservation properties linked to symmetries of the Hamiltonian, a function that
completely describes the system. This function is defined in the phase space (spanned by the
generalized coordinates and momenta) and the time coordinate. A Hamiltonian system that does
not explicitly depend on time, conserves phase volume and perhaps other quantities also, (such as
the total energy or angular momentum), as is the case of the GNBP. Hamilton’s equations consist of
two ordinary differential equations (ODEs) for each of the N degrees of freedom, thus the GNBP in
three—dimensional (3D) physical space yields 6N equations, which in general are quite formidable
to solve. Of course, if there are N constants of the motion (like the energy, the angular momentum,
etc.) the system may be completely integrable and even solvable in terms of known functions. Such
cases, however are extremely rare and are associated with completely regular dynamics. As is very
well-known today most Hamiltonian systems are not integrable and possess wide domains of chaos.

The N = 2 case of the GNBP is reducible to an equivalent one-body problem, known as
the Kepler problem. The complete solution of this problem was first given by Johann Bernoulli
in 1710, quite long before the Lagrange-Hamilton formalism was introduced. The gravitational
two—body problem has been successfully applied to various astrophysical systems, e.g. the motion
of planets and their satellites, as well as the dynamics of binary stars. The quest for a similar
reduction for systems with NV > 2, was immediately undertaken by several great mathematicians.
The side benefit of these studies, conducted for almost two centuries, was a significant progress in
mathematics (mainly in the theory of ODESs), but definite answers were found only in some very
particular cases.

Attempts to treat even the simplest problem of this kind, the restricted, planar, three-body
problem (where one of the bodies is so light that its gravity has no effect on the other two and all
orbits are restricted on a plane) ended in a failure. All general perturbative approaches invariably
led to diverging terms because of the appearance of “small divisors” in the perturbation series. The
first real breakthrough came in the 1880s, when Henri Poincaré worked on the GNBP and won a
prize, set by King Oscar II of Sweden. Poincaré did not provide a solution of the problem, but
managed to understand why it is so hard to solve. By ingenious arguments, he showed that the
orbits of the restricted three-body problem are too complicated to be described by explicit formula
mathematical analysis.

In more technical terms, Poincaré showed that this system (and therefore the general GNBP) is
non—integrable. He did so by introducing a novel idea, now called a Poincaré section [97], with the
help of which he was able to visualize the geometry of the dynamics by means of a two—dimensional
area preserving map. Remarkably, Poincaré was able to visualize such a structure without the aid
of computer graphics. The non-integrability of the GNBP naturally prompted the question of the
stability of the Solar system. Of course, no definite answer to this problem could be reasonably
expected on the basis of Poincaré’s work. Before electronic computers became available, work was
largely based on perturbation theory or mean field methods. Despite all difficulties, these efforts
yielded new and deep insights in the chaotic behavior of Hamiltonian systems and produced many
important mathematical results after intensive work of nearly 50 years.
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First and foremost among them is the celebrated KAM theorem, which has elucidated the
mathematical process by which an integrable Hamiltonian system develops chaotic behavior as a
result of losing its integrability, when a suitably defined control parameter (e.g. the relative size
of the non—integrable perturbation to an integrable Hamiltonian) is gradually made different from
zero. In particular, the crucial role of resonant tori in this process has been recognized, starting
with the increasing distortion of these tori. Resonant tori become ultimately corrugated on all
scales, acquiring a fractal shape that allows orbits to diffuse in the regions between the surviving
non-resonant tori.

Twenty years after the formulation of the KAM theorem, Boris Chirikov suggested a diagnostic
criterion for the onset of chaos in Hamiltonian systems. He studied numerically the standard map

Ij+1 = Ij-f—KSin@j (11)
Qi1 = 0;+1;

a particular area preserving transformation of the plane onto itself, where I and © are “action” and
“angle” variables and K is a constant. Thus (1.1) represents an excellent example of a periodically
driven Hamiltonian system of one degree of freedom which is analogous to a system with N = 2. He
showed that fully—spread chaos arises when K > 1 and found that this happens because resonances
overlap. In addition the basic defining property of deterministic chaos (i.e. the divergence of initially
nearby phase space trajectories) is quantified by the positivity of the largest Lyapunov exponent.

In Hamiltonian systems of N degrees of freedom a hierarchy of different types of chaotic motion
is available [3, 2]. As the Hamiltonian system is driven farther into the chaotic regime, the motion
becomes more strongly irregular, in the sense that its trajectories in phase space explore wider and
wider regions. Hamiltonian dynamical systems with bounded motion may also be recurrent, i.e.,
their trajectories return infinitely many times arbitrarily close to the initial point. Indeed according
to the famous Poincaré recurrence theorem in a chaotic region, this is true for almost all orbits and
almost all points.

If every initial phase space volume (or distribution of initial conditions) eventually spreads over
the whole space, then the chaotic system is said to have the property of mixing. In a globally
chaotic regime, a Hamiltonian system is said to become a K-system (after Kolmogorov). This
happens when all trajectories in a connected neighborhood diverge exponentially on the average
and every trajectory has a positive Lyapunov exponent. One of the first Hamiltonian systems,
relevant to astrophysics, which was shown to exhibit deterministic chaos was the one studied by
Hénon & Heiles in 1964 [54]. They numerically investigated the orbits of a point mass (a star) in a
mean field model approximating an axially symmetric galaxy. Casting the gravitational influence of
all other masses into a potential of cubic polynomial type and computing the orbits of a point mass
is significantly easier than a full N-body simulation, which has always been one of the primary
techniques of galactic dynamics.

The question addressed in this study involved the possible existence of a third isolating integral,
which would guarantee integrability in that case. The fact that the motion in the azimuthal (with
respect to the symmetry axis) direction can be separated out and that total energy and angular
momentum are two independent integrals of motion leaves out a 3D subspace that is accessible to
the system. A third isolating (i.e., independent of the other two) integral would thus guarantee
motion on a two-dimensional surface, only, which would be the tori of an integrable system. Using,
therefore, a model axisymmetric potential, whose non—dimensional form

y?

Viay) = 3@+ + @y - L) (12)
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clearly contains a simple higher order nonlinear part in addition to the harmonic one, Hénon and
Heiles [54] integrated the Hamilton equations of motion for several values of the non—-dimensional
energy parameter, E.

By examining the Poincaré section in each case, they found that the system looks integrable
and its trajectories lie mostly on tori as long as F is small enough. For larger values of F, however,
some of the tori are destroyed and a large chaotic “sea” appears, while finally, at higher values of
E, almost all tori are destroyed and chaos becomes widespread. These results largely follow the
scenario set forth by the Kolmogorov-Arnold’-Moser (KAM)-theorem. They also settle the issue
that a third integral of motion of galactic dynamics does not exist in general. The implications of
these findings have since then been thoroughly investigated, primarily by George Contopoulos and
his collaborators. Of course, the pioneering work of Hénon and Heiles cannot directly predict the
properties of the stellar orbits and their distribution in some particular galaxy. It has, however,
remained to this day a fundamental contribution to the theory of Hamiltonian dynamical systems.
The Hénon and Heiles system is perhaps the simplest and most intriguing astrophysical realiza-
tion of the GNBP, involving the motion of bodies in the solar system. There exists today ample
theoretical evidence, based largely on series of gradually improving numerical studies, that chaos
permeates the solar system and can be found essentially everywhere one looks.

The qualitative distinction between chaotic and regular motion in symplectic maps and in
systems of differential equations is a fundamental problem of nonlinear dynamics. This distinction
is in general, a non trivial task and becomes more difficult as the number of degrees of freedom
N increases. For this reason, over the years, several methods distinguishing regular from chaotic
motion in conservative dynamical systems have been proposed and applied, with varying degrees
of success.

One important application of Hamiltonian systems theory concerns the dynamics of localized
oscillations about stable periodic orbits. In particular, localized oscillations in one—dimensional
nonlinear lattices constitute, for the past 15 years, one of the most active areas of research in
Mathematical Physics. Of primary interest has been the discovery of certain exact periodic solutions
in such lattices, called discrete breathers, which are exponentially localized in real space. It is
known that when these solutions are stable, there are domains around them in phase space, where
orbits oscillate quasiperiodically for very long times, even though the presence of linear dispersion is
expected to lead to delocalization away from the discrete breather. How long do they stay, however,
in that vicinity and what is the dimensionality of the tori on which they lie? Furthermore, how
large are these regular regions and at what initial conditions (or parameter values) does chaotic
behavior begin to arise?

Similar questions can also be posed about another form of localization in Fourier space, which
has been very recently proposed as an explanation of the famous recurrence phenomena known to
occur near linear normal modes of Hamiltonian lattices, since the famous studies of Fermi, Pasta
and Ulam (FPU) in the early 1950s [38, 14, 40, 41]. Clearly, the interest in such localization lies
in its ability to prevent wave propagation and energy equipartition expected from the theory of
statistical mechanics. Our main purpose, however, in studying models of Hamiltonian systems in
the form of coupled 2-D symplectic maps is two—fold: First, we establish the generality of the
above phenomena, by showing that they do not occur only in lattices and second, we use this as an
opportunity to test and further develop the dynamical techniques we apply to the study of barred
galaxies, which is the main focus of this thesis.

Thus, we concentrate on the study of orbits of celestial bodies represented as points (Z(t), p(t))

—

of unit mass in 6D phase space where Z(t) = (z(t),y(t),2(t)), p(t) = (p(t), py(t),p-(t)), are the
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position and momentum coordinates and ¢ is the time. They obey Hamilton’s equation of motion

OH ., oH

Z(t) = )’ p(t) = EOK (1.3)

where the Hamiltonian H contains, besides the kinetic part, a potential function V(z,y, 2)

1
H = (0 + 0y +02) = Q(apy —ypa) +V (2,9, 2), (1.4)

which represents the mean gravitational field of a galaxy rotating in the (z,y)—plane with angular
frequency €2,. Our particular model contains a “bulge” component in the center, a “disc” and a
“bar”. Such models are referred in the literature as “barred galaxy” models. In recent years, many
researchers have work in this field, obtaining many useful results about the galactic dynamics and
particularly about the barred galaxies [29, 30, 27, 24, 28, 90, 9, 117] while a nice summary of all
this work can be found in [25, 33].

Our primary goal in this thesis is to use the arsenal of Hamiltonian dynamics in order to
estimate the role of chaos and order in barred galaxy systems described by Eq. (1.3) and (1.4).
More specifically, we aim to shed new light on the general location and extent of chaotic regions in
the configuration (or 3D space) x,v, 2z, so as to make direct comparisons between our models and
N-body simulations or, even, astronomical observations. In addition, we plan to examine in what
way (and how much) the relative proportions of regular and chaotic domains vary, as we change
the basic parameters of the model.

We wish to emphasize that the main difficulty with distinguishing order from chaos in our
systems is that our integration time cannot exceed the age of the universe. This means that we
don’t have the luxury to follow our solutions arbitrarily long in order to characterize them as
regular or chaotic. We must therefore, develop dynamical tools that are efficient and sharp enough
to differentiate between weak and strong chaos and divide our orbits in well defined categories
which are best suited for comparison with simulations and observations.

The thesis consists of the following chapters:

e In Chapter 2, we present the preliminary notions and concepts that constitute the theoret-
ical background of the following chapters. The fundamentals of Hamiltonian systems are
described and an introduction is given about the dynamics of our barred galaxy model. We
then introduce recently developed methods and tools used to distinguish order from chaos in
Hamiltonian systems.

e In Chapter 3, we apply the main dynamical tool of this thesis, i.e. the Generalized Align-
ment Index (GALI) method, to two types of dynamics, which are related to the distinction
between regular and weakly chaotic phenomena in coupled symplectic maps representing
multi-dimensional Hamiltonian systems: The first type refers to quasiperiodic oscillations
in the vicinity of what is known as discrete breathers, or exact periodic solutions, which are
exponentially localized in real space. The second concerns localization in Fourier space and is
evidenced by the persistence of quasiperiodic recurrences in the neighborhood of normal mode
oscillations of nonlinear lattices, observed for example in the famous numerical experiments
performed by Fermi, Pasta and Ulam (FPU) in the early 1950’s. The novelty of our results
is primarily to establish the universality of these phenomena by showing that they also arise
in chains of coupled symplectic maps. The second and more important aspect of our study
is to use these models as a testing ground to investigate the sensitivity of out methods in
categorizing systematically different types of ordered and chaotic motions in barred galaxies.
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e In Chapter 4, we turn to the most important part of the thesis and present our results on the
distinction of various types of regular and chaotic motion in Ferrers’ barred galaxy models
using the methods of Chapters 2 and 3. First we present quantitative results about the
amount of chaotic and regular motion among various barred galaxy models, depending on
their different shapes. Then, we attempt to relate the information gained from our dynamical
study with “real” observational data (or N-body simulations) and manage to characterize
the structure of different galaxies by the specific distribution of regular and chaotic orbits
they support, for different initial conditions and parameter values of the problem.

e Finally in Chapter 5, we recall all the significant results of the thesis and discuss some
perspectives which we believe that future work on this topic should address qualitatively and
quantitatively.



Chapter 1 : Introduction

27




28




CHAPTER 2

CONCEPTS AND METHODS OF
HAMILTONIAN SYSTEMS

2.1 Hamiltonian Dynamical Systems

Dynamical systems are physical, biological, economic or social entities, whose components evolve
in time. They are described (see e.g. [25]) by a single state variable Z(¢) € R that obeys either a
system of differential equations of the form

x = f(x, 1), (2.1)

if ¢ is a continuous variable, t € R, x(t) = (z1(t), z2(t), ...,xn(t)) is an N—-dimensional vector, and
dots (") denote derivatives with respect to ¢, i.e. X = dx/dt. Dynamical systems are also described
by maps (or mappings) of the form

Xnt+1 = f(x) (2.2)

if t € Z is discrete x, = (Tn1, Tn2, ..., Tnn). These systems are called smooth if the vector func-
tion f = (f1, fa, ..., fn) consists of f; € CY(D), i = 1,2,..., N, that are continuous and (at least
once) continuously differentiable over some domain D € RY. This guarantees the existence and
uniqueness of their solutions.

The above systems (2.1) and (2.2) are called deterministic if f is known explicitly and share many
common properties. Their many similarities often allow the use of very simple maps to illustrate
the properties of generic dynamical systems described by differential equations. Map calculations
are much simpler and faster than the solutions of differential equations. Thus, maps have been
used extensively in the last decades in order to understand chaotic dynamics and distinguish it
from regular dynamics. In fact, systems of differential equations can also be represented by maps
on the so—called Poincaré surfaces of section which possess many common characteristics with the
original system.

Both maps and differential equations can be used to describe conservative and dissipative dy-
namical systems. Conservative systems preserve volume in phase space, while in dissipative systems
this volume decreases on the average and the dynamics is called attracting. Non—conservative sys-
tems also exist where phase space volume generally grows as t increases and hence gives rise to
expanding dynamics.
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An important class of conservative dynamical system are those whose equations (2.1) are derived
from a Hamiltonian function, with conjugate variables q = (q1, q2, ...,qn) and p = (p1,p2, ..., PN)
that satisfy the equations

. OH ) OH
q= ap’ p= q

Every conjugate pair (g;, p;),i = 1, ..., N constitutes one degree of freedom of the system, while the
Hamiltonian function

(2.3)

H = H(q,p,t) (2.4)

is generally assumed to belong to the class H € C?(D). The space of the variables q and p is
called phase space. The phase space of a system of differential equations (2.1), or a map like (2.2),
is N—dimensional, while that of a Hamiltonian system is 2N-dimensional. A change of variables
(a,p) — (d',p’) is called canonical if the equations of motion in the new variables are also of the
form (2.3). Such a transformation may be written in the form

X' = F(X) (2.5)

where X = (q,p) and X’ = (¢, p’) have 2N components and F represents 2N functions (Fy, Fy, ..., Fon)
in terms of which the new Hamilton’s equation may by easier to solve.

Many physical problems are called autonomous, since the Hamiltonian function does not depend
explicitly on time. In such cases, H is an integral of motion, equal to the energy

H(q,p) = H(qy,py) = h (2.6)

where (q, py) are the initial condition of the orbit.
A linear canonical transformation can be written in the form

X7 = MxT (2.7)

where X7 is a column vector and M is a 2N x 2N symplectic matrix, i.e. a matrix that satisfies
the condition

MTQOM = Q (2.8)
where () is the 2N x 2N matrix
|0 Iy
S o9

with Iy the N x N unit matrix and (7) denote the transpose matrix. A nonlinear canonical
transformation is called symplectic if the Jacobian matrix

oF;
0X;

DF = (221 (2.10)

has the symplectic property.

Hamiltonian systems generate symplectic maps on Poincaré surfaces of section, which are very
useful because they are much faster to compute than Hamiltonian systems. It can be easily shown
that 2-dimensional (2D) maps which are area preserving also have the symplectic property and
represent excellent models for analyzing the dynamics of 2-degree—of—freedom (2DOF) Hamiltonian
systems. However, 4D maps, or maps of higher dimensions, may not be symplectic, even if they
are volume preserving.
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2.1.1 Properties of phase space motion in continuous time

Let us consider the equations of motion given by equations (2.3). Associated with these equations
are 2N constants of motion that are the initial coordinates and momenta in the N degrees of
freedom. These uniquely determine the subsequence motion of a point through a 2N—dimensional
space. Let us assume that we can solve equations (2.3) for q and p as functions of time. This means
that we can follow the trajectories from an initial time ¢;, corresponding to initial coordinates q;
and pq, to some other values qy and p, at a later time t5. We call this (q,p) the phase space of
the system (see e.g. [70]). The following important properties of this space must be obeyed at all
times:

1. Trajectories in phase space do mot intersect at any given instant of time. This is evident
from the fact that the initial conditions uniquely determine the subsequent motion and is
true for all time, if the system is autonomous. If the Hamiltonian does depend on time, the
trajectories in phase space cannot cross in phase space at the same time, but may pass by
the same (q, p)—point at different times.

2. A boundary in phase space C7, which bounds a group of initial conditions at ¢ = ¢; transforms
into a boundary Cy at to, which bounds the same group of initial conditions. This property
follows directly from the one above, since any motion inside the boundary may approach the
boundary, but not cross it, as this would mean its intersection with one of the orbits that
continuously form the boundary. This property has far-reaching consequences in that the
motion of a large group of initial conditions can be followed by monitoring a much smaller
class of initial conditions lying on the boundary.

3. Consider an ensemble of initial conditions each representing a possible state of the system.
We express the probability (or density distribution) of a given ensemble of system points in
phase space as

T=1(p,q 1) (2.11)
If we normalize 7 such that!

T H dp;dg; = 1, (2.12)
all space i
then dP = 7], dpidg; is the joint probability that at time ¢, the ensemble has an initial
condition associated with the i** coordinates, with position between ¢; and ¢; + dg; and
momentum between p; and p; + dp + i. The rate of change of the number of phase points,

dP = 7dV , within the infinitesimal phase space volume

av = [[ dpida:, (2.13)

(3

is obtained from the continuity equation

OrdV <~ 0 9
— dVvp;) + —(1dV ;)] =0, 2.14
G+ Ll (V) + g (V) (214)
where by, dividing out the volume dV, we obtain the rate of change of density at a fixed
position in phase space

or " or op; or dq;

o T 22Ul o " Tap T ling T 76—%] =0. (2.15)

i=1

IThis normalization cannot be performed if the phase space is infinite, but is not essential.
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From Hamilton’s equations (2.3) for p; and ¢; the second and fourth terms of the summation
cancel yielding
or or or
im— +¢im—)+ = =0. 2.16
which is a statement of the incompressibility of the flow in phase space. This result, known
as Liouville’s theorem, is a powerful tool for studying the dynamics of Hamiltonian systems.

Integral Invariants. Because of the above properties, the phase space representation offers
considerable simplifications in treating dynamical problems. In particular, it follows immediately

from equation (2.16) that
/Hdpz‘dqz' (2.17)

is an invariant of the motion, where the 2N—dimensional integral is evaluated at a fixed time ¢t. A
hierarchy of such integral invariants, with successive members of increasing dimensionality in the
phase space, was first studied by Poincaré (1892) [97]. A general derivation of these invariants can
be found in Whittaker (1964) [127]. They are fundamental to the theory of Hamiltonian flows and
constitute the basis of the Classical Mechanics as described by Arnol’d (1979) [6]. Let us examine
the first member of that hierarchy [of which (2.17) is the N** and final member]

//deidqi = const. (2.18)

where the integral is over a two—dimensional surface in phase space at a fixed time ¢.
If we apply Stokes’ theorem to equation (2.19), we obtain the invariant

?{Zpid% = const. (2.19)

where the integration is now over a closed path in phase space at a fixed time ¢ and is known as a
relative integral invariant of the system. In general, the application of Stokes’ theorem transforms
an integral invariant over an arbitrary domain into a relative invariant over a closed domain and
demonstrates how volume conservation in phase space implies area conservation on some chosen
(¢s, p;) surface of section.

2.1.2 Properties of phase space motion in discrete time

Let us define a 2n x 2n matrix M (whose entries may be real or complex) as symplectic if it satisfies
the condition

MTQM = Q. (2.20)

where Q is matrix 2.9. Note that Q has determinant +1 and has an inverse given by Q71 = —Q,
i.e. is orthonormal.

Hamiltonian systems can be described by symplectic maps as follows. If we consider a mapping
RQn N R?n

LE; = fl’i(l‘iayi)
vi = fy(@i i) (2.21)
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with i = 1,...,n and take z € R?" with z9; 1 = x; and z9; = ¥;, (2.21) can be written as
7' = f(z). (2.22)
A map of this form is called symplectic, if the Jacobian matrix J = {J;;}, with elements

_0fi
- 82]"

Jij (2.23)
and 7,7 € 1,...,2n is symplectic.

A symplectic map can describe the motion of dynamical system in discrete time steps that
correspond to successive iterations

z™ = fo..of(z)=f"(z .
foof(2)=F"(z) (2.24)

n times

where n denotes these steps. The sequence of points z(™, generated by the values of z as initial
conditions is called a trajectory of the mapping. Stated otherwise, (2.24), yields the n' iterate of
the map starting from an initial point zg = z.

If it so happens that the m-th iterate of the map coincides with initial point, we call the
sequence of points produced, i.e. 21, 2o, ..., Zm, a periodic orbit of the map with period m. If m =1
we obtain the so—called fixed points of the map f, while any period m—orbit may be considered as
a fixed point of the map f™.

The next most important concept concerns the (linear) stability of these points, i.e. their
response under infinitesimally small perturbations. Let us consider such a perturbation of a fixed
point z = z + u. Keeping up to linear terms in u, we obtain from (2.22), ' = J(z)u, where
J is the Jacobian matrix evaluated at the fixed point z = z. This point will therefore be called
stable if no eigenvalue A of J has |A\| > 1. Regarding periodic orbits with period T, i.e. z =
z(t) = z(t + T), we know from Floquet theory that their (linear) stability is studied by solving
the associated linearized problem u’ = J(z)u as follows: First, we obtain a fundamental matrix
of linearly independent solutions of the equation, ®(¢), with ®(0) = I, and form the so—called
monodromy matrix M = ®(T) [16].

Due to the symplectic condition (2.20) and due to the fact that the coefficients of M are real,
the eigenvalues of the matrix M have the following properties: if A is an eigenvalue then 1/A
is also an eigenvalue, and if A is an eigenvalue, the complex conjugate \* is also an eigenvalue.
These properties show that the eigenvalues A = 1 and A = —1 are always double eigenvalues
and that complex eigenvalues with modulus not equal to 1 always appear in quartets. When all
the eigenvalues are on the unit circle the corresponding periodic orbits is stable. If there exist
eigenvalues not on the unit circle the periodic orbit is unstable. The stability of periodic orbits of
Hamiltonian systems and symplectic maps has been studied by several authors, e.g. [53, 49, 57, 105]

2.1.3 Constants of the motion and integrability

The most general definition of integrability is given in terms of the integrals of motion (or constants
of motion)?. A function I(x,y,t) in a Hamiltonian system is called an integral of motion [25] if it

2Some authors (e.g. Binney and Tremaine, 1987 [15]) distinguish between constants of motion and integrals of
motion. In a autonomous Hamiltonian, a constant of motion is a function of x,y and ¢, that remains constant in
time, while an integral of motion is a function of the phase—space variables only, i.e. I(x,y), that remains constant
in time.
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remains constant along any orbit, i.e. its total derivative is zero

dI _9Iox _0Idy OI OIOH 9IOH Ol

— = — — = —— + = = 2.2
it oxot “oyot "ot oxoy oyox ot 0 (2.25)
where a summation is implied over conjugate variables. The quantity
N
0l 0H 0l 0H 0l 0H 01 0H
I H=—"—""_ """ — - 2.2
|7, H] Ox 0y Oy 0x ;(8@"2 Oy;  Oy; Ox; (2.26)

is called the Poisson bracket between the functions I and H.
From equation (2.25), we find that an integral of motion I satisfies the equation

ol
I,H|+— =0. 2.27
1)+ (227)
The equations of motion (2.3), are the corresponding system to the partial differential equation

df _O0foH 0foH  Of _
dit ~oxoy oyox ot 0 (2.28)

This equation is called the “collisionless Boltzmann equation” in Stellar Dynamics [15]. In the case
of 3 degrees of freedom the phase space is called py—space and it has 6 dimensions. In the case of N
particles the phase space is 6 N—dimensional (I'-space) and the equation (2.28) is called Liouville’s
equation.

In the case of a system of N degrees of freedom we may consider (2.28) as representing a flow
of an incompressible fluid in 2NV dimensions. If we write

(2.29)

where dn is the number of particles within a volume dV, the number dn does not change in the
course of time thus the volume dV also remains constant,

AV = duy. (2.30)

Thus, (2.28) represents the conservation of volumes in phase space.
If the equations (2.3) have k and only k independent integrals of motion Iy, I3, ..., Ix(k < N)
then the most general solution of (2.28) is an arbitrary function of these integrals

f=Ff, Iz, ... I) (2.31)

f=f. (2.32)

If Kk = N (number of degrees of freedom) then the system is called integrable. In the particular
case that H is time independent, an integral I satisfies the equation

[1,H] =0. (2.33)
If I; are a set of integrals of motion, we say that they are in involution if

Ik, Im] = 0, (2.34)
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for all k£ and m.

An autonomous Hamiltonian H is called Liouwville integrable if it has N independent integrals
in involution (Arnol’d 1978 [6]). It is important to recall, however, that among all Hamiltonian
systems, very few have been proved to be integrable. We also remark that there is no general
method for identifying integrable Hamiltonian systems. The analytical methods that have been
used so far to provide necessary conditions for integrability are:

1. Singularity analysis of the solutions in the complex time plane (Painlevé analysis) [99]
2. Search for local or global symmetries of the equations [87]

3. Substitution of integrals in the form of series and determination of the coefficients [55, 35]

Since most Hamiltonian systems, however, are non-integrable, we limit ourselves to the study of
individual orbits of Hamiltonian systems that are of a particular interest. A multitude of indicators
have been developed in recent years to characterize such reference orbits as ordered or chaotic. The
inspection of successive intersections of an orbit with a Poincaré surface of section (PSS) [70] has
been particularly useful in 2D maps and 2 DOF Hamiltonian systems. Some of the most important
ones, based on the analysis of a time series constructed by the coordinates of the orbit under
studied, are the following;:

The frequency map analysis of Laskar [65, 66, 67, 68], the “0-1” test [50, 51], the method
of the low frequency spectral analysis [125, 63], the “patterns method” [102, 103], the recurrence
plots technique [128, 129] and the information entropy index [86]. One could also refer to several
ideas presented by various authors that could be used in order to distinguish between chaoticity
and regularity, like the differences appearing for regular and chaotic orbits in the time evolutions of
their correlation dimension [43], in the time averages of kinetic energies related to the virial theorem
[56] and in the statistical properties of the series of time intervals between successive intersections
of orbits with a PSS [62].

While some of the most important ones, based on the study of the behavior of deviation vectors,
are the following;:

The Fast Lyapunov indicator (FLI) [44, 48, 47, 45, 42, 52] and its variants [10, 11], the Smaller
ALignment Index (SALI) [104, 109, 108] and its generalization, the so—called Generalized ALign-
ment Index (GALI) [106, 107], the Mean Exponential Growth of Nearby Orbits (MEGNO) [22, 23],
the Relative Lyapunov Indicator (RLI) [100, 101}, the Average Power Law Exponent (APLE) [72],
as well as methods based on the study of spectra of quantities related to these vectors like the
stretching numbers [44, 71, 118, 126, 91], the helicity angles (the angles of deviation vectors with a
fixed direction) [31], the twist angles (the differences of two successive helicity angles) [32], or the
study of the differences between such spectra [69, 120].

A systematic and detailed comparative study of the efficiency and reliability of the various
chaos detection techniques has not been done yet, although comparisons between some of the
existing methods have been performed sporadically in studies of particular dynamical systems
[104, 108, 115, 114, 64, 72].

The most important ones for us in this thesis are the last two and are described in detail later
in this chapter.

2.2 Basic Principles of the Structure and Dynamics of Galaxies

As is well-known, the three fundamental components of a galaxy are stars, gas and dust. In recent
decades of course, two more components have been added by astronomers, which may in fact
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turned out to be the most important: black holes at the center of galaxies and dark matter in the
surroundings. In this thesis, we will restrict our attention to the motion of individual mass points
(stars) moving in the mean field of all other components. Thus, we will be able to compare our
results with the popular approach of integrating Newton’s equations for N bodies

Vi =

N
dz; dv; Gm; .
° ) |ﬂ(xj—xi), i=1,..,N, (2.35)

dt’ dt

where the i*" star is moving under the gravitational attraction of its neighbors. The advantage of
our mean field approach is that it is faster and more accurate than the other so—called N-body
simulation scheme, which relies on first principles, yet makes heavy use of time—consuming and
memory intensive computations.

2.2.1 Galaxy classification

There are many ways of classifying galaxies but by far the best known so far is the Hubble system
[15], which was originally suggested by Hubble in his 1936 book, The Realm of the Nebulae. Galaxy
classification is a topic of it’s own right (see e.g. Sidney van den Bergh’s Galazy Morphology and
Classification), so here we just remind readers of the basic classes and the difficulties encountered in
any classification scheme. In Hubble’s tuning—fork diagram (Fig. 2.1), on the left are the sequence
of elliptical galaxies spanning the range from circular to highly elliptical systems. These are denoted
by En, where n = 10(1 — b/a) is computed by measuring the axial ratio b/a of the ellipse formed
on the sky. Note that these are measured from the projection on the sky, so that the intrinsic
3—dimensional distribution may be considerably different (in fact, in general elliptical galaxies are
likely to be triaxial, and the axes can change as a function of radius). The elliptical systems are
often further sub—divided into dwarf types (dE), although it is not clear if the dwarfs are simply
small elliptical or form a class of their own. Dwarf spheroidals (dSph) are a closely related type, the
primary difference being that they are even less luminous and more diffuse (they are an interesting
target for dynamical studies because of their very high dark matter content). With the advent of
new technology that permits detailed studies, the smallest galaxies have become a topical area of
research. For a summary of known dwarf galaxies in the local group, see the article by Mateo et
al. in the 1998 Annual Reviews of Astronomy and Astrophysics [83].

After the ellipticals, Hubble’s diagram splits in two, with two parallel sequences differentiated
by the presence (top sequence) or absence (bottom) of a stellar bar in the center. The first galaxies
are the so-called lenticular or spheroidal galaxies, designed SO (or SBO if there is a bar). These
systems appear to be strongly oblate like a spiral system but without any clear spiral structure.
Like ellipticals, they usually have little dust or gas content, although some systems can contain
significant amounts of dust: the strength of the dust is sometimes signified by a subscript ranging
from S0; (no dust) to S03 (prominent dust lane).

After the spheroidals come the spirals, designated Sa, Sb or Sc depending on three charac-
teristics: the tightness of the spiral arms, the size of the central bulge and the definitions of the
arms. Spirals with tight, well-defined arms and a strong central bulge are Sa, while Sc systems
have loose, poorly defined spiral arms and little or no central spheroidal component. Note that
while these three characteristics vary, exceptions exist which can make classification difficult. If
the spiral has a bar, it is classified with SBa, SBb or SBc. Additions have been suggested to this
system, including de Vaucouleurs addition of Sd and Sm spiral systems that include galaxies which
are looser or have even more poorly defined arms than the Sc class.
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Edwin Hubble's
Classification
Scheme .

Ellipticals

Figure 2.1: Fork diagram galaxy classification.

Hubble thought that galaxies evolved along his sequence, going from elliptical (“early”) galaxies
to spiral “late”) galaxies. While this idea is no longer thought likely, the terminology has stuck. It
is not uncommon to find a numerical T stage assigned to the Hubble type for the use in some forms
of statistical analysis. This ranges from -5 (E0) to 0 (S0) to 6 (Sc) to 10 (Irr). Entirely outside of
this sequence are the irregular galaxies Irr which lack symmetry or well-defined spiral arms, and
the peculiar galaxies which may be undergoing a merger or interaction.

Galaxies are not uniformly distributed in space. While isolated field galaxies do exist, the
majority of galaxies are found in groups or clusters. Very small groups, like the local group, consist
of only a few large galactic systems. Large groups may have up to 100, while full-fledged clusters
often have thousands of large galaxies. Galaxies of different types are not equally represented
in different environments. In particular, ellipticals are much more likely to be found in dense
cluster cores than in the field, while spirals show the opposite trend. This is most commonly called
the morphology—density relation and is clearly telling us something about what sets galaxies
morphology, but it is not clear whether spiral galaxies are transformed into ellipticals by the dense
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environments of clusters, or if such regions preferentially formed elliptical galaxies even before
the cluster formed (clusters are thought, from both theoretical and observational evidence, to be
younger than galaxies).

2.2.2 The gravitational potential

If we wish to follow the motion of a particle under the sole influence of gravity, then its acceleration
is given as the sum of the inverse-square law forces from all the other particles present in its

surroundings
dv Gm; Gp(x') 3
P E m(x —X;) = — /v m(x —x')d*¥/, (2.36)

where x and v are the location and velocity of the particle in 3D space. Note that in the equations
above, we have transformed the sum into an integral by assuming that we can write down a smooth
density distribution p(x). The integral is over all space. We can write this in a simpler form if we

use the following identity
x —x

_ w i XA (2.37)

Vx =
|x —x

which can be straightforwardly demonstrated by writing it out in cartesian coordinates. Note that
the notation Vy indicates that the differentiation is done with respect to x (as opposed to x’). This
lets us rewrite the right-hand side of equation (2.36) as

dviv Gp(x)

5, — Vx 3 /7_ x(I) 2.
> | X = Vi) (2.38)

We have been able to take the gradient operator out if the integration because the integration is
over x’, while the gradient is with respect to x. This shows that the force can be written entirely
as the gradient of some quantity (the potential ®(x)) instead of a force itself. This is true because
of the gravitational force and its purely radial nature. Since a scalar field is much easier to think
about and work with than a full vector field, we will mostly use the potential, which we write down

here for completeness’ sake
G
B(x) = f/ o) o (2.39)
v [x —x/|

This is an important simplification, but we can write the potential in an even simpler way, that
doesn’t involve any integral at all. This requires some slightly contorted reasoning to prove (we
follow [15] for this derivation). The first step is to apply V2 to both sides of equation (2.39) to get

ViP(x) = /v2 Gplx d3’

\x — X/
_ / Ve ,‘3( x — X )d* (2.40)

3 3x—x)(x—x)] ;4
_ _ / _ /
- /VGP(”L»«—X'P P
= 0, if x#x%

where we have used the identity in equation (2.37). This tells us that any contribution to the
potential must come from a very small region around x = x’. If we restrict the volume integral to
a small sphere with radius h around this point, where h can be made arbitrarily small. Since h is
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very small, the density can be assumed to be constant across this very small region and hence can
be taken out of the integral. From equation (2.40), we get

/
23(x) — / I Sk W
Vi®(x) Gp(x) \x’—x\ghv XX d°x
, [ x—% 3/
_ = = 2.41
Gp(X) /x’xgh vx |:|X - x/|d:| o ( )
_ x—x
B _Gp(X) /x’x—h |X - X,|3d S

The second step is permitted because x is arbitrarily close to x’, and in the third step we have
made use of the divergence theorem, which tells us that the volume integral of V - f can be written
as a surface integral of - d?S. The integral is over the sphere with radius h, and d?S is the surface
element on the sphere and points in a direction normal to the surface. The vector x — x’ is also
normal to the surface and has a length h (since it lies on the surface of the sphere). This makes
this integral easy to evaluate and we get simply 47w. The final result then in Poisson’s equation for
the potential

Vo (x) = 4nGp(x) (2.42)

This result is particularly useful when we start looking at spherically symmetric systems for which
the density profile depends only on radius r.

It is useful to invoke two of Newton’s theorems about spherically symmetric systems which we
simply state below (see [15] for a proof):

Newton I: Inside a spherical shell of uniform density, the net acceleration from that shell is
zero. This also means that the potential is constant inside a shell.

Newton II: The acceleration outside a spherically symmetric shell of mass is the same as if
all the mass is at the center. That is, we can treat a spherically symmetric object as if all of the
mass inside a radius r is at the center — this simplifies calculations enormously, and is implicit in
our usual method for determining the enclosed mass within M (< r) in a galaxy with

W = GM(<r) (2.43)
T
We can now write down a general expression for the potential of any symmetric distribution with
density p(r), by dividing the calculation into shells with 7' < 7 and shells with ' > r

o0
+ / AnGp(r')r'dr') (2.44)
0
where by M (< r) we mean the integrated mass within radius r.

2.2.3 Models of galaxy potentials

(i) The Plummer sphere
Plummer, in 1911, used the following potential-density pair to fit observations of global clusters
GM

Pp(r) = BN (2.45)
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from which, by direct differentiation we find
2 d®p(r) 3GMb?

1d
2 el —
V®p(r) = oy (r pm ) = CEYDEE (2.46)

Thus from Poisson’s equation we have that the density corresponding to the potential (2.45) is

7,2
pp(r) = (o) (14 )" (247

The Plummer sphere provides a good fit also to dwarf spheroidal galaxy light distributions [15].

(i) The Kuzmin—Toomre model
The Kuzmin/Toomre potential is given by

GM
2+ (a+ ]2

which represents a very flattened potential [15]. When we apply Gauss’s theorem to a flat volume
that contains a small portion of the plane z = 0, we conclude that the surface density corresponding
to this potential is

P (R, z) =— (2.48)

aM
Yk(R)= ———. (2.49)
21(R? + a?)2
The particular potential-density pair was initially introduced by Kuzmin [1956] and later rederived
by Toomre [1963], so it is known as the Kuzmin—Toomre potential-density pair.

(iii) The Miyamoto-Nagai disc
The Miyamoto—Nagai [84, 85] disc potential and density is given by

GM

®u(R,2) = - : (2.50)
VB + (A4 VBT ¥ 22y
BM AR?+ (A+3VZ"+ BY)((A + vz + B’
pm (R, z) = ( 4 ) [R? + (A + V22 + B2)2]5/2(22 + B2)3/2 (2.51)

where the above density profile is an analytic solution of Poisson’s equation in cylindrical coordi-
nates: V2®(R, z) = 47Gp(R, 2).

Notice that for A — 0, potential (2.50) reduces to Plummer’s sphere, having a scale length, B.
For B — 0 and A — 0, we shrink the Plummer sphere to zero size and recover the potential due to a
point mass (Kepler’s potential). Finally, for B — 0; A # 0 we form an infinitesimally thin Kuzmin
disc. For this reason, the Miyamoto—Nagai disc is also often referred to as a Plummer—Kuzmin
model. Notice that A sets a “scale height” and B a “scale length” for the disc. Thus, depending on
the choice of the two parameters, ®,;(R, z) can represent the potential of a wide family of systems
from an infinitesimally thin disc to a sphere.

2.2.4 Equation of motion in rotating coordinates

We define two frames, S, which is stationary and S’ which is rotating with fixed angular frequency
Q. At a particular instant the z and y axis of these two systems overlap. The velocity in the
rotating frame is related to the velocity in the stationary frame v by

dx  dx'
d—jzd—’;Jerx (2.52)
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To find the equations of motion in the new frame we differentiate this expression to find

d’x d dx' dx
o2 2y gx 2
dt? dt( dt )+ dt
a?x’ dx’ dx’
= W—FQXE—FQX(E-FQXX) (2.53)
d’>x’ dx’
so the equation of motion changes from the simple dv/dt = —V® to
dv’ , ,
E:V(b(x)—QQXV—QX(QXX) (2.54)

The second term on the right-hand side is the Coriolis force which is perpendicular to the
direction of motion, and the third term is the centrifugal force. They are both fictitious forces,
resulting only from the fact that we are working in a rotating coordinate system. As before, we
would like to define an effective potential which brings us back to our simple equation of state. In
this case, however, it is not possible because the Coriolis force cannot be written as the gradient of
an effective potential. The best we can do is define an effective potential as

1
Deg(x') = B(x') — 5 (@ x')? (2.55)
and this allows us to write the equation of motion in the simplified form
d /
7: = V@eﬁ‘(X,) — 20 x V/ (256)

This is not as bad as it seems because the Coriolis force is perpendicular to the velocity and so it
can do no work on the particle. In fact, we can define an energy—like quantity

By = 5 + () (257)

which is conserved in the rotating frame. Note that E;y = E — Q x L, where L = mx x v is the
angular momentum, and so is a combination of the energy and the angular momentum (neither of
which are conserved in this frame separately).

Generally speaking, the main different kinds of orbits in galaxy models that we shall be inter-
ested in can be classified as follows:

(i) Periodic orbits: They can be (linearly) stable and unstable, depending on whether their
Floguet multipliers (or, eigenvalues) of the associated monodromy matrix satisfy: | ;| < 1 for all 4,
or |\;| > 1 for at least one 7 respectively.

(ii) Quasiperiodic orbits: They are said to characterize “regular” motion since they lie on m—
dimensional tori defined by m incommensurable frequencies wj.

(iii) Chaotic orbits: They are characterized by the fact that almost all orbits in their neighbor-
hoods diverge from them exponentially, as time evolves.

2.3 Methods of Detecting Chaos

2.3.1 Poincaré surfaces of section (PSS)

The definition of a Poincaré surface of section lies at the heart of the treatment of Hamiltonian flows
[70]. For an autonomous system with two degrees of freedom, the phase space is 4-dimensional.
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Referring to Fig. 2.2, we choose a two-dimensional surface ¥ in the phase space and label its
two sides (say left and right). We then study the successive intersections of a trajectory with this
surface. The intersections are generated each time the trajectory pierces the surface in a particular
sense (say from left to right).

A particularly convenient choice for the surface of section X can be made as follows: We first
note that the trajectory lies on a three—dimensional energy surface H(q1,q2,p1,p2) = Hp in the
four—dimensional phase space, Fig. 2.2b(1). This equation determines any of the four variables,
say po, in terms of the other three

p2 = p2(q1, G2, P1)- (2.58)

We are therefore led to consider the projection of the trajectory onto a 3—dimensional volume
(q1,92,p1), Fig. 2.2b(2). If the motion is bounded, then the plane g2 =const. within this volume
may be repeatedly crossed by the trajectory. This plane, consisting of a single coordinate ¢; and its
canonical momentum p1, is a convenient choice for the surface of section. If we plot the successive
intersections of the motion with the surface of section, they will in general occur anywhere within
a bounded area of the plane, If a constant of the motion

I(q1, g2, pi; p2) = Iy = const. (2.59)

exists in addition to Hy, then equations (2.58) and (2.59) can be combined to yield

p1 = Pi(q1,q2). (2.60)

Thus the successive crossings of the motion with the surface of section must lie on a unique curve,
given by (2.60) with go =const. In this way we can determine the existence of constants of the
motion by examining the intersection of a trajectory with a surface of section. Once this existence
is established, the smooth curves can be examined for local stability and other interesting features.

It will be noted that the particular surface of section (g1, p;1) is just the reduced phase space of
the original Hamiltonian system. Furthermore, successive crossings are obtained from one another
by a canonical transformation generated by Hamilton’s equations. Thus the area bounding a closed
curve in the surface of section is conserved on successive crossings of the surface. This important
property can be shown directly as follows: we write general differential relations

oX 7))
_Op dp
dp = aqdq—i— aludu, (2.61)

where the A and g may be thought of as the initial position and momentum taken in a surface of
section. Substituting for the partial derivatives in terms of the generating function Fa(\, p), and
solving for dp and dq in terms of dA and dyu, we have

FoFy F,
dg = (Fyy— 222+ 24
q ( )\P F)\p ) F)\p lu’
F)\)\ 1
dp = —22d\+ —dp, 2.62
Fry 7y (2.62)

where the notation F) = %L)\z has been used for compactness. The determinant of the coefficients

of equation (2.62), which is equivalent to the Jacobian of the transformation from (A, 1) to (p,q)
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Figure 2.2: Motion in phase space and definition of the Poincaré surface of section. (a) Intersec-
tions of a trajectory with the surface of section. (b) Two degrees of freedom showing: (1) four—
dimensional phase space with the trajectory on a three- dimensional energy surface; (2) projection
of the trajectory onto the (g1, g2, p1) volume; and (3) successive intersections of the trajectory with
the two-dimensional surface of section g2 = const. (c) Three degrees of freedom showing: (1) six—
dimensional phase space with trajectory on a five-dimensional energy surface; (2) three successive
intersections of the trajectory with the four—dimensional surface of section g3 = const.; and (3) pro-
jections of these intersections of the surface of section on the (qi1,p1) and (g, p2)-planes. (Image
from Lichtenberg & Lieberman (1992))
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variables, is equal to one, proving the area-preserving nature of the transformation®. The area—

preserving property of a two—dimensional surface of section in a 4-dimensional phase space will be
very important in subsequent chapters, both for numerically looking for constants of the motion
and for determining the stability of the linearized motion near a periodic solution. The concept
of a surface of section can be generalized to systems with N > 2 degrees of freedom. For a
time—independent Hamiltonian with N degrees of freedom, the energy surface in phase space has
dimensionality 2N — 1, Fig. 2.2c(1). As previously done, we project out a single generalized
coordinate, say py, and consider the successive intersection of the trajectory with the(2N — 2)—
dimensional surface of section gy =const. with coordinates p1,..,pN—-1,41, ..., qn—1 [Fig. 2.2¢(2)].
As before, the surface of section is a reduced phase space in which the volume—preserving property
holds.

If one or more constants of the motion exist, then the intersections of the trajectory with the
surface will all lie on a unique surface of dimensionality less than 2N —2; otherwise the intersections
will fill a (2N — 2)-dimensional volume within the section. For multidimensional systems, if the
motion in each degree of freedom is approximately separable, the N — 1 projections of the surface
of section onto the (g;, p;)—planes, shown in Fig. 2.2¢(3), are a useful way to visualize the motion of
the trajectory point. For a regular trajectory, which is exactly separable in the (g;, p;)—coordinates,
the motion in each (g;, p;)—plane is area—preserving, a constant of the motion exists in the ith degree
of freedom, and the trajectory intersections lie on a smooth curve in the (g;, p;)—plane. However,
for a system with more than two degrees of freedom, even for regular trajectories, the trajectory
intersections with the surface of section, projected onto an arbitrary (g;, p;)—plane, do not generally
lie on a smooth curve, but rather fill an annulus of finite area, whose thickness is related to the
nearness to exact separability in the (g;, p;)—coordinates. In this case, the intersections with the
surface of section lie in an (N — 1)~dimensional surface, whose projection onto a (g;, p;)-plane is a
region of finite area.

2.3.2 The spectrum of Lyapunov Exponents Spectrum

The Lyapunov Characteristic Exponents (LCEs) or Lyapunov Characteristic Numbers (LCN) are
very important for the study of dynamical systems, for distinguishing between regular and chaotic
behavior of orbits in phase space [70, 12, 13]. In practice, the LCEs describe the rate of separation
of infinitesimally close trajectories.

Let us consider a flow x(t), generated by an autonomous first-order system

dx(t) _
T = V() (2.63)

and a trajectory in the M-dimensional phase space and a nearby trajectory with initial conditions
xo and xg + Axg respectively. These evolve with time yielding the tangent vector Ax(xq,t) with
its Euclidean norm:

d(xo) = ||Ax(xo0,?)]-

Writing Ax = (Axq,...,Azy) = w, the time evolution for w if found by linearizing (2.63), to

obtain
dw

= JxO)w, (2.64)

where oy
J(x(t)) = Ix

3For non—canonical coordinates some function of the coordinates, the measure is preserved, rather than the area.
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is the Jacobian matrix V' (x). The mean exponential rate of divergence of two initially close trajec-
tories is ) p ;
lim (=) In dlx0,1)

o(x0,w) = lim (- 00"

(2.65)

It can be shown that o exists and is finite. Furthermore, there is an M-dimensional basis é; of w
such that for any w, o takes one of the M (possibly non-distinct) values

U@‘(Xo) ZO'(X(],éZ‘), Vi=1,2,...,M,
which are the Lyapunov characteristic exponents. These can be ordered by size,

01> 09> ...>0)M.

The LCEs are independent of the choice of metric for the phase space [88]. A flow has as many Lya-
punov exponents, as the the number of the differential equations of the system. For a Hamiltonian
flow, x = (¢, p), the vector field V is

OH OH
Vix)=(——2 ==
= (-5 5)

In this case, the Lyapunov exponents have a particular symmetry:

0j = —02n—i+1, Vi = 1727 "'7M7

where M = 2n and n is the number of the degrees of freedom.

This is how the Lyapunov exponents of the vectors w (which are also called Lyapunov exponents
of order 1) are calculated. Generalizing the above concept, we can calculate the mean exponential
growth of a p-dimensional volume in the tangent space, where p < M. We use the operator notation

Vo =wiAwa AL Awp.

for the volume V), of a p-dimensional parallelepiped whose edges are the vectors wi, ..., w,. Then,
the Lyapunov exponent of order p is defined by

L [Va(xo, B
() - il p 70
oW (xqg,V,) = lim In 2.66
O Vo) = B [0, 0,0 (260
oP is given as the sum of p Lyapunov exponents of order 1

o) = ng) =o01+02+ ...+ 0p, (2.67)

This equation is used to compute numerically the Lyapunov exponents. For p = M, we obtain the
mean exponential rate of growth of the phase space volume as

M
oM =" oi(x0). (2.68)
i=1
For a measure-preserving flow (like Hamiltonian systems), we see that
M
> oi(x0) =0, (2.69)

i=1
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while for a dissipative system, this sum must be negative.
Calculation of the Maximum Lyapunov Exponent o

For the calculation of the Maximum Lyapunov Exponent, we choose an initial tangent vector
wo and calculate the w by the (2.86) with respect to w along an orbit x(¢), obtaining numerically
the quantity

d(t) = [lw(®)ll, (2.70)

where for convenience the initial norm dj is chosen to be unity. The difficulty is that if the norm of w
increases exponentially with ¢, this leads to overflow and other computation errors. To circumvent
this problem, we choose a small fixed time interval 7 and we renormalize w to a norm of unity
every T seconds. Thus, we iteratively compute the values

di. = [[Wi—1]], (2.71)
wi(0) = W’“;l;(ﬂ, (2.72)

where wy,(7) is obtained by integrating Eq. (2.86), with the initial value w(0), along the trajectory
from x(k7) to x((k + 1)(7)). From Eq. (2.65), we can define the quantity

LM
Op = aZM (2.73)
=1
For 7 not too large, it can be shown that
0o = lim o, =01 (2.74)
t—oo

exists and is independent of 7. In the regular regions of near-integrable systems o, = 0, while in a
connected chaotic region, o4 is always positive and independent of the initial value of x. Since, 7
is arbitrary, Eq. (2.73) can be applied to calculate Lyapunov exponents for maps as well as flows.

Calculation of all the Lyapunov Exponents

In order to calculate all the Lyapunov Exponents for a M-dimensional flow, instead of choosing
the tangent vector w into alignment with és,és,...,, which will fail due to numerical error (it
eventually brings w(t) into alignment with é;), we choose an initial set of p orthonormal tangent
vectors and numerically calculate the p-dimensional volume V,(t) defined by these vectors. The

Lyapunov exponent a?’) of order p is then found using Eq. (2.66). Doing this for p = 1,2, ..., M,

we use Eq. (2.65) to find the Lyapunov exponents o1, 02, ..., ops. As the tangent vectors evolve, the
angle between any two vectors generally becomes too small for the numerical computations. Thus,
in addition to renormalizing w after each time interval 7, we must replace the evolved vectors by
a new set of orthonormal vectors. These new vectors must be chosen to span the same subspace as
the evolved set.

The above procedure can be systematized to calculate the evolution of all p—dimensional vol-
umes at one time by computing the evolution of M vectors and making the special choice of
orthonormalizing by means of Gram-Schmidt procedure. Recall wi_1(7) is the evolved tangent
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vector wy_1(0) along the trajectory from x((k — 1)(7)) to x(k7). Using this, we first calculate for
each time interval 7 the quantities

d = lwiM, |, (2.75)

(2.76)

and then successively derive, for j = 2,.... M

u (1) =wi? (1) = Y wi? (0) - wi (m)]wl (0), (2.77)
=1

) = |lu? (1), (2.78)

wi(0) = =10 (2.79)

During the (k — 1)st time interval, the volume V increases by a factor of d,gl),d,(€2), ...,d,(f ). The
definition (2.66) then implies

LS g 0@ @)
On —tlggoﬁzll (d,/d”...aP). (2.80)
7
Subtracting a(p Y from ng ) and using the Eq. (2.65, we obtain the p* Lyapunov exponent
A P)
op = Jim — Zlnd (2.81)

This is the relation that was actually used in our numerical calculations.

We emphasize here that it is not known a priori how to know the exact number of iterations
or the total evolution time of a trajectory and its tangent vectors w that are necessary for the
exact calculation of the Lyapunov exponents. For this reason it is required and useful to use other
supplementary methods for distinguishing chaotic or regular behavior of a trajectory.

2.3.3 The Smaller ALigment Index (SALI)

Let us consider the NV - dimensional phase space of a conservative dynamical system, which could
be a symplectic map or a Hamiltonian flow. We consider also an orbit in that space with initial
condition P(0) = (x1(0),22(0),...,2x5(0)) and two deviation vectors #(0), 72(0) from the initial
point P(0). In order to compute the SALI for a given orbit, one has to follow the time evolution
of the orbit with initial condition P(0) and also of two deviation vectors (), P2(t) which initially
point in two different directions. The evolution of these deviation vectors is given by the variational
equations for a flow and by the tangent map for a discrete-time system. At every time step the two
deviation vectors 7 (t) and v, (¢) are normalized by setting

Di(t) = — i=1,2 (2.82)
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and the SALI is then defined as [104]
SALI(t) = min {[|01(2) + 22|, [121(2) — 22(0)]]} - (2.83)

The properties of the time evolution of the SALI clearly distinguish between ordered and chaotic
motion as follows: In the case of Hamiltonian flows or dimensional symplectic maps with n > 2,
the SALI fluctuates around a non-zero value for ordered orbits, while it tends to zero for chaotic
orbits. In the case of 2D maps the SALI tends to zero both for ordered and chaotic orbits, following
however completely different time rates, which again allows us to distinguish between the two cases.

In 2 and 3 degrees of freedom Hamiltonian systems the distinction between ordered and chaotic
motion is easy because the ordered motion occurs on a 2D or 4D torus respectively on which any
initial deviation vector becomes almost tangent after a short transient period. In general, two
different initial deviation vectors become tangent to different directions on the torus, producing
different sequences of vectors, so that SALI does not tend to zero but fluctuates around positive
values. On the other hand, for chaotic orbits, any two initially different deviation vectors tend to
coincide on the direction defined by the nearby most unstable manifold and hence either coincides
with each other, or become opposite. This means that the SALI tends to zero when the orbit is
chaotic and to a non-zero value when the orbit is ordered. Thus, the completely different behavior
of the SALI helps us to distinguish between ordered and chaotic motion in Hamiltonian systems
with 2 and 3 degrees of freedom and in general in dynamical systems of higher dimensionality.

In an autonomous Hamiltonian system of N degrees of freedom having a Hamiltonian function

H(q1,...,qN, D1, -, PN) = h = constant, (2.84)

g; and p;, i = 1,...,N are the generalized coordinates and conjugate momenta respectively. An
orbit in this system is defined by a vector Z(t) = (q1, ..., 4N, P1, --., PN ), With 2; = ¢; and x4 ny = p;,
i=1,...,N. The time evolution of this orbit is governed by the Hamilton equations of motion:

dx

- =V(@ =

OH O0H

_ 2.
55 (285)

while the time evolution of an initial deviation vector 7(0) = (dz1(0),...,dzan(0)) from the #(t)
solution of (2.85) obeys the variational equations

di

&M@ (2.86)
dt
where M = 8?/85 is the Jacobian matrix of V.

The SALI method has been applied successfully on different dynamical systems [104, 110, 109,
108, 3, 5, 89, 18, 77, 76, 78, 81, 80, 82, 79, 19, 116], frequently also by the name Alignment Index
(AI) [121, 119, 123, 124, 122, 59, 60, 58] and confirmed to be a fast and easy to compute indicator
of chaotic or regular motion.

2.3.4 The Generalized ALigment Index (GALI)

Let us consider the 2/N-dimensional phase space of a conservative dynamical system, which may
be represented by a Hamiltonian flow of N degrees of freedom or a 2N-dimensional system of
coupled symplectic maps. In order to study whether an orbit is chaotic or not, we examine the
asymptotic behavior of k initially linearly independent deviations from this orbit, denoted by the
vectors V1, Va,..., Vj with 2 < k < 2N. Thus, we follow the orbit, using Hamilton’s equations
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(or the map equations) of motion and solve in parallel the variational equations about this orbit to
study the behavior of solutions located in its neighborhood.

The Generalized Alignment Index of order £ is a generalization of the Smaller Alignment Index
(SALI) and is defined [106] as the norm of the wedge (or exterior) product of k associated unit
deviation vectors

GALI,(t) =| 21(t) A Da(t) Ao ADg(2) || (2.87)

representing the volume of the parallelepiped, whose edges are these k vectors. We note that the
hat (") over a vector denotes that it is of unit magnitude and that ¢ represents again the continuous
or discrete time.

In the case of a chaotic orbit, all deviation vectors tend to become linearly dependent, aligning
in the direction of the eigenvector corresponding to the maximal Lyapunov exponent and GALI
tends exponentially [106]: to zero following the law

GALI(t) o e [or=02)Hor=08)t ot (or—an)lt (2.88)

where o1 > ... > o} are approximations of the first k largest Lyapunov exponents of the dynamics.
In the case of regular motion, on the other hand, all deviation vectors tend to fall on the N—
dimensional tangent space of the torus, where the motion is quasiperiodic. Thus, if we start with
k < N general deviation vectors, these will remain linearly independent on the N—dimensional
tangent space of the torus, since there is no particular reason for them to become aligned. As
a consequence, GALI; in this case remains practically constant for ¥ < N. On the other hand,
for kK > N, GALI; tends to zero, since some deviation vectors will eventually become linearly
dependent, following power laws that depend on the dimensionality of the torus. In the particular
case, that there are s (s < k) of deviation vectors initially tangent to this torus the GALIs are
given [106] by

constant i 2<k<N
GALI,(n) x{ —gm— N <k<2Nand0<s<k—N . (2.89)
nkl,N fN<k<2Nands>k—-N

The formula for the calculation of the GALI, associated with quasiperiodic orbits lying on
[~dimensional tori (following [21, 107]) is

constant, if2 <k <]
GALL;(n) o< {757, ifl<k<2N-1 . (2.90)
sy, 2N —1<k<2N

An efficient way to compute the GALIy, especially in cases where the dimension of the system
N becomes large, based on the Singular Value Decomposition (SVD) [98], was proposed in [4, 107].
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CHAPTER 3

APPLICATIONS OF DYNAMICAL
INDICATORS TO SYSTEMS OF
SYMPLECTIC MAPS

3.1 Introduction

In this chapter, we apply the Generalized Alignment Index (GALI) method to two types of dy-
namical behaviors, which are related to localization phenomena in multi-dimensional Hamiltonian
systems, as well as symplectic maps. The first type refers to quasiperiodic oscillations in the
vicinity of what is known as discrete breathers, or exact periodic solutions of multi-dimensional
systems, which are exponentially localized in (real) space. The second class of phenomena concerns
localization in Fourier space and is evidenced by the persistence of quasiperiodic recurrences in
the neighborhood of normal mode oscillations of nonlinear lattices, observed for example in the
famous numerical experiments performed by Fermi, Pasta and Ulam (FPU) in the early 1950’s
[38, 14, 40, 41, 2.

In the next section, we review the dynamics of the celebrated 2D standard map and then
couple 2 and 3 of them together to form a system, on which we can test the effectiveness of our
dynamical indicators (SALI and GALI) and verify the validity of the various asymptotic formulas for
identifying ordered as well as chaotic motion. Then, in section 3.3, we form a system of N coupled
standard maps and give evidence for the existence of both types of localization metioned above.
First, starting with initial conditions localized in real space, we find low—dimensional quasiperiodic
motion, which persists for very long times. We also study in this discrete model recurrences of
its (linear) normal mode oscillations and find that, in contrast with the FPU model, the tori
associated with them are not always low—dimensional. This may be due to the fact that, unlike the
FPU example, each map contains on site nonlinear terms, which depend on its individual variables.

The standard map, also referred to as the Chirikov—Taylor map [75, 20], is an area preserving
map, which appears in many physical problems. It is defined by the equations

Tp+l = Tp+Yntl, (3-1)
Ynt1 = yn+ Ksin(z,),

51
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where both variables are taken modulo one in the unit square. This map describes the motion of a
simple mechanical system called a kicked rotator. It may be thought of as representing a pendulum
rotating on a horizontal frictionless plane around a fixed axis and being periodically kicked by
a nonlinear force at the other end, at unit time intervals. The variables x, and y, determine,
respectively, the angular position of the pendulum and its angular momentum after the nth kick.
The constant K measures the intensity of the nonlinear “kicks”.

The standard map describes many systems occurring in the fields of mechanics, accelerator
physics, plasma physics, and solid state physics. However, it is also interesting from a fundamental
point of view, since it is a very simple model of a Hamiltonian system of 2 degrees of freedom that
displays order chaos.

The Hamiltonian function of a system described by the standard map can be expressed as an
infinite sum

1 t
H2512—KCOSQ Z 6(T—n). (3.2)
n=—oo
This represents a model whose unperturbed Hamiltonian
Lo
Hy = 5] , (3.3)

is affected by a periodic sequence of “kicks” (d—pulses) with period
T =2r/v. (3.4)

Expression (3.3) corresponds either to a particle’s free motion, I = p, § = x, or to a free rotator
when the variable @ is cyclic, that is, 8 € (0,27). Let us consider the latter case. By using the
identity

SN . t
;} O —n) = n:z_oo cos(2mn), (3.5)
we rewrite (3.2) in the following form
1 o0
H = 512 — K cos Hn;m cos(mut). (3.6)

The Hamiltonian (3.6) can also be considered as a particular case of a more general Hamiltonian

L 9
H= 3P - %: Vin cos(kmx — wimt), (3.7)
when k,, = 1(Ym), V,, = Vo = —K(¥Ym), w,, = mv and the sum in (3.7) is performed over

m € (—1,1). Thus, the Hamiltonian (3.2) corresponds to a particle motion in a periodic wave
packet with an infinite number of harmonics of equal amplitude. The equations of motion derived
from (3.2) have the form

I = —Ksinf Z 5(%—71)

6 = 1 (3.8)

Between two d—pulses, I = const and 0 = It+ const. At each step, or “kick”, the variable f remains
continuous and the action I changes by the value —K sin 6, which can be obtained by integrating
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(3.8) with respect to time in a small vicinity of the d-—pulse. Let us assume that (I,6) are the
values of the variables just before the n'® kick, and that (I’,0’) are the same values before the next
(n 4 1) “kick”. Tt follows that the map, derived from (3.8), is

I' = I—Ksin6
o =TI (3.9)

which is equivalent to the equations of motion in (3.1).
For K = 0, there is no perturbation and the solution of (3.9) is trivial

I, = const. = I, 0 = 6y + nlp. (3.10)

It describes a straight line in the phase plane (I,0). As soon as K # 0, however, the dynamics
change dramatically: All straight lines of the K = 0 case, with Iy rational multiple of 27 (i.e.
Iy = 27l/m turn to a pair of periodic orbits (composed of m points each and covering the interval
0 < 0 < 27 [ times), one of which is (linearly) stable and the other unstable. On the other hand,
most [y =irrational lines are preserved according to the KAM theorem. As we will see in the next
section, the stable periodic orbit are surrounded by tori forming small ellipses of quasiperiodic
motion in their immediate neighborhoods, while the unstable periodic points are of saddle type
and possess chaotic orbits in their vicinity.

3.2 Global Dynamics of the 2N-D Standard Map

As a simple 2D map which exhibits regular and chaotic behavior, we consider the well-known
standard map [20, 61] in the form

Ty =21+ Ty
Ty = 9 + £ sin(27y) (mod 1), (3.11)
where K is the strength of the nonlinearity of the system.

Before studying the global dynamics of map (3.11) let us examine in more detail the behavior
of SALI for regular and chaotic orbits of a 2D map. In the case of a chaotic orbit, any two
deviation vectors will be aligned to the direction defined by the largest Lyapunov exponent o1, and
consequently SALI will tend to zero following an exponential decay of the form SALI oc =217
(since SALIxGALI), with n being the number of iterations. As we have mentioned, in the case
of regular orbits any two deviation vectors tend to fall on the tangent space of the torus on which
the motion lies [104, 109, 107]. For a 2D map this torus is a 1-dimensional invariant curve, whose
tangent space is also 1-dimensional and consequently the two deviation vectors will become aligned.
Thus, even in the case of regular orbits in 2D maps the SALI tends to zero. This decay follows a
power law having the form SALI o< 1/n? [104, 107].

In Fig. 3.1 we see the different behavior of SALI for regular and chaotic orbits of the standard
map (3.11). It is exactly this different behavior of the index that allows us to use SALI for a fast
and clear distinction between regions of chaos and order in the 2—dimensional phase space of the
standard map. From the results of Fig. 3.1 and the theoretical predictions for the evolution of
SALI we see that after n = 500 iterations the value of SALI of a regular orbit becomes of the
order of 1079, while for a chaotic orbit SALI has already reached extremely small values. Suppose
now that we wish to estimate the percentage of chaotic orbits (as we will do for the galaxy models
in the next chapter) for a given value of K. This can be computed as follows: We compute the
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Figure 3.1: The evolution of SALI (solid lines) for a) the chaotic orbit with initial condition z; = 0.2,
x9 = 0.2 and b) the regular orbit with initial condition z; = 0.4, zo = 0.8 of the standard map
(3.11) for K = 2, with respect to the number of iterations n. Note the different scales of the
horizontal axis. The largest Lyapunov exponent of the chaotic orbit is o1 =~ 0.438. Dashed curves
in panels a) and b) correspond to functions proportional to e~271" and 1/n? respectively. It is
evident that the theoretical predictions for the evolution of SALI describe very well the numerical
data.

evolution of orbits whose initial conditions lie on a 2—dimensional grid of 1000 x 1000 equally spaced
points on the 2-dimensional phase space of the map (dividing in this way the (21, x2)-plane in 105
squares) and register for each orbit the value of SALI after n = 500 iterations. All orbits having
values of SALI significantly smaller than 107% (which correspond to the value SALI reaches after
500 iterations in the case of regular orbits), are characterized as chaotic. In practice as a good
threshold for this distinction we consider the value 10~8. Thus, all orbits having SALI < 10~% after
n = 500 iterations are characterized as chaotic, while all others are considered as non—chaotic.

In Fig. 3.2a) we present the outcome of this procedure for K = 2. Chaotic orbits, having
SALI < 10~® are colored black, while light gray color corresponds to regular orbits having high
values of SALI. Thus, in Figure 3.2a) we can identify clearly even tiny regions of regular motion
which are not easily seen in phase space portraits of the map (Fig. 3.2b)). Using the above—
described method we were able to compute very fast and accurately the percentages of regular
motion for large values of parameter K. In Fig. 3.3a) we plot the percentage of regular orbits for
180 < K < 200 where K varies with a step K = 0.001. A blow—up of the peak appearing close to
K = 188 is seen in Fig. 3.3b).

In order to accelerate the numerical computation we applied the following technique: For each
orbit we compute its SALI value at n = 500, keeping also track of the squares on the (1, z2)-plane
that the orbit visits in its evolution. Then, we attribute the same SALI value to all these squares.
In this way we gain considerably in computational time, since it is not necessary to perform the
same computation for the total number of the initial conditions. For each value of K a grid of
1000 x 1000 initial conditions were used, allowing us to detect extremely tiny regions of regular
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Figure 3.2: a) Regions of different values of SALI after n = 500 iterations of map (3.11) for K = 2.
The gray color corresponds to regions of order while the black to chaotic. b) Phase space portrait
of map (3.11) for the same value of K.
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Figure 3.3: a) Percentages of regular orbits of map (3.11) as a function of the nonlinear parameter
K € [180,200], b) A zoom of panel a) in the region of K € (188.44, 188.55).
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Figure 3.4: The evolution of GALI, k = 2, 3, 4, with respect to the number of iterations i for a) the
regular orbit R and b) the chaotic orbit C. The plotted lines correspond to functions proportional
ton~2, n~*in a) and to e~ (71702 2011 =do1n for 51 = (.070, oy = 0.008 in b).

motion (note that the percentages of regular orbits in Fig. 3.3 remain always less than 0.0015%!).

From the results of Fig. 3.3 we see a periodicity of period 27 in the appearance of islands of
stability as K varies, in accordance to the results presented in [34]. In our study we were able to
reproduce the results obtained in [34] but with considerably less computational effort. For example,
for K = 2, instead of using all the 106 initial conditions of the 1000 x 1000 grid, it was efficient to
compute the evolution of only 12425 initial conditions up to n = 500 iterations, for characterizing
the total 10 points. Thus, for K = 2 we were able to determine the percentage of regular orbits
on a 1000 x 1000 grid mesh by the computation of only 3 x 500 x 12425 ~ 2 - 107 iterations of the
map (3.11) and its tangent map, instead for the 5- 107 iterations needed for obtaining the same
result in [34]. In particular for the computation of the data of Fig. 3.3 we needed only 27 hours of
CPU time on an Athlon 64bit, 3.2GHz PC.

A similar study can also be implemented for the 4D standard map, described by the following
equations

T, = T1+ 1:,2
) = aat gy sin(me) 2 sinfan(ey - 1) (312)
Ty = @p+ gosin(2mry) — —sinf2r(zs —n .
Ty = w341, (mod 1),
/ K
r, = x4+ o sin(2mx3) — gsin[Qﬂ(xl — x3)]

where K is again the parameter of nonlinearity and (8 the so—called coupling parameter of the
system.

In the first part of our study we fix the parameters of the map (3.12) to K = 0.5 and B = 0.05.
In Fig. 3.4, we show the behavior of GALIs for two different orbits: a regular orbit R with initial
conditions (x1,z2,x3,24) = (0.55,0.10,0.54,0.01) (Fig. 3.4a), and a chaotic orbit C with initial
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Figure 3.5: Regions of different values of the GALI, (left panel) and GALIy (right panel) for a grid
of 500 x 500 initial conditions on the subspace z3 = 0.54, x4 = 0.01 of map (3.12) for K = 0.5 and
B =10.05.

conditions (z1, %2, r3,74) = (0.55,0.10,0.005,0.01) (Fig. 3.4b). The positive Lyapunov exponents
of orbit C were found to be o1 = 0.070, o9 =~ 0.008. From the results of Fig. 3.4 we see that the
evolution of GALIs is described very well by the theoretically obtained approximations presented
in Sect. 2.3.4. Let us now turn our attention to the study of the global dynamics of map (3.12).
From the results Fig. 3.4 we conclude that in the case of 4D maps, GALI, has different behavior
for regular and chaotic orbits. In particular, GALIs tends exponentially to zero for chaotic orbits
(GALIy ~ e~ (?1792)7) while it fluctuates around non-zero values for regular orbits. This difference
in the behavior of the index can be used to obtain a clear distinction between regular and chaotic
orbits. Let us illustrate this by following up to n = 4000 iterations, all orbits whose initial conditions
lie on a 2—dimensional grid of 500 x 500 equally spaced points on the subspace x3 = 0.54, z4 = 0.01,
of the 4-dimensional phase space of the map (3.12), attributing to each grid point a color according
to the value of GALIy at the end of the evolution. If GALIy of an orbit becomes less than 10~19
for n < 4000 the evolution of the orbit is stopped, its GALIy value is registered and the orbit is
characterized as chaotic. The outcome of this experiment is presented in the left panel of Fig. 3.5.

But also GALI, can be used for discriminating regular and chaotic motion. From the theoretical
predictions for the evolution of GALI,, we see that after n = 1000 iterations the value of GALIy
of a regular orbit should become of the order of 10716, since GALI; ~ n~%, although the results
of Fig. 3.4 show that more iterations are needed for this threshold to be reached, due to an initial
transient time where GALI4 does not decrease significantly. On the other hand, for a chaotic
orbit GALI, has already reached extremely small values at ¢ = 1000 due to its exponential decay
(GALI4 ~ e~#917), Thus, the global dynamics of the system can be revealed as follows: we follow
the evolution of the same orbits as in the case of GALI> and register for each orbit the value of
GALI, after n = 1000 iterations. All orbits having values of GALI, significantly smaller than 1016
are characterized as chaotic, while all others are considered as non—chaotic. In the right panel of
Fig. 3.5 we present the outcome of this procedure.

From the results of Fig. 3.5, we see that both procedures, using GALI; or GALI, as a chaos
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Figure 3.6: Percentages of regular orbits on the subspace x3 = 0.54, z4 = 0.01 of map (3.12) for
K = 0.5, as a function of the parameter B € [0, 2.5].

indicator, give the same result for the global dynamics of the system, since in both cases 16% of
the orbits are characterized as chaotic. These orbits correspond to the black colored areas in both
panels of Fig. 3.5. One important difference between the two procedures is their computational
efficiency. Even though GALI, requires the computation of four deviation vectors, instead of only
two that are needed for the evaluation of GALIs, using GALI4 we were able to get a clear dynamical
‘chart’, not only for less iterations of the map (1000 instead of 4000 needed for GALIs), but also
in less CPU time. In particular, for the computation of the data of the left panel of Fig. 3.5 (using
GALI;) we needed 1 hour of CPU time on an Athlon 64bit, 3.2GHz PC, while for the data of the
left panel of the same figure (using GALIy) only 14 minutes of CPU time were needed.

Using the above—described method, both for GALI; and GALIL, we were able to compute very
fast and accurately the percentages of regular motion for several values of parameter 5. In Fig. 3.6
we plot the percentage of regular orbits for § € [0,2.5] where [ varies with a step 6 = 0.1. We see
that the two curves practically coincide, but using GALI; we needed almost four times more CPU
time. So, it becomes evident that a well-tailored application of GALI, with 2 < k, can significantly
diminish the CPU time required for the detailed ‘charting’ of phase space regions, compared with
that for GALIs.

In Fig. 3.7a),b), we present the evolution of the SALI both for regular and chaotic orbits, for
K =3 and § = 0.1. For the regular orbit of Fig. 3.7a) SALI fluctuates around a non—zero value,
while for the chaotic orbit of Fig. 3.7b) SALI decays exponentially to zero reaching extremely small
values after only a few iterations (IV & 150), following the exponential law: SALI e~ (@1—02)n
with o1, o9 being the two largest Lyapunov exponents of the orbit.

We were also able to measure the percentages of chaotic and regular orbits for the 4D standard
map following a procedure similar to the one used in the case of the 2D map. We considered
106 initial conditions equally spaced in the 4-dimensional phase space of the system, producing in
this way a fine grid of 4-dimensional hypercubes. Noting that in the case of chaotic orbits only
a few hundreds of iterations are needed for SALI to reach the numerical accuracy of a computer,
i.e. SALI & 10716 (in the case of the orbits of Fig. 3.7b) 150 iterations were sufficient), we started
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Figure 3.7: The evolution of the SALI for a) the regular orbit with initial condition
(21,72, 23,24) = (0.55,0.1,0.62,0.2) and b) the chaotic orbit with initial condition (z1, z9, x3, 4) =
(0.55,0.3,0.62,0.2) of the 4D standard map with K = 3 and 8 = 0.1. We note that the SALI of
the chaotic orbit decays exponentially to zero following the law o« e~ (71792)"  with ¢y ~ 0.744,
02 =~ 0.453 being the two largest Lyapunov exponents of the orbit.

our computation by integrating orbits for only 500 iterations. For each orbit we also kept track of
the 4—-dimensional hypercubes it visited in its evolution. If the studied orbit was regular, i.e. its
final SALI value was larger than 1078, its final SALI value was attributed to all the hypercubes
visited by the orbit. If; on the other hand, the orbit was characterized as chaotic (i.e. its SALI value
became < 1078), the evolution of the orbit (but not the evolution of the variational equations) was
extended to 5000 iteration, allowing us to attribute the computed SALI value to many hypercubes.
This procedure decreases significantly the CPU time needed for the reliable computation of the
percentage of regular motion. In particular for K = 3 and 8 = 0.1 the percentage of regular motion
was found to be 8, 7%, after only 1 minute of computations with the same computer used in the
2D case.

Finally, let us apply our dynamical indicators to study the global behavior of 3 coupled standard
maps, described by the equations

¥y = m +

zh = @+ K sin(2ray) — %{sin[Qw(% —x1)] + sin27(x3 — z1)]}

xy = x3+ah (3.13)
Ty = x4+ &K sin(2ras) — %{sin[Qw(m — x3)] + sin[27 (x5 — x3)]} '

xy = x5+ g

Ty = @6+ 2 sin(2mas) — %{sin[%r(m —x5)] + sin[27(z3 — 25)]}

where again each coordinate is taken modulo 1 and we fix the parameters of the map (3.13) to
K =3and 6 =0.1.

In order to verify numerically the validity of equations (2.88) and (2.90) we consider two typical
orbits of map (3.13), a chaotic one with initial condition 1 = 3 = x5 = 0.8, zo = 0.05, x4 = 0.21,



60 3.2 Global Dynamics of the 2N-D Standard Map

'a) 'b) 1

GALI, 0

— slope=-(ay-a,)/ In(10)
—————— slope=(204-0,-05)/ In(10)
slope=(3c4-0,)/ In(10)
- slope=4c,/ In(10)
~ slope=6o,/ In(10)

Log(GALIs)
Log(GALIs)

2 b o o
slope=-2 ‘
| -—- slopej-4 ‘ GALI,
-+ slope=-6 \ AL GALI, |
16 1 N AG 15 16 N N
1 2 3 4 5 6 0 50 100 150 200 250 300
Log(n) n

Figure 3.8: The evolution of GALI, k = 2,...,6, with respect to the number of iteration n for
a) the regular orbit R1 and b) the chaotic orbit C1. The plotted lines correspond to functions
proportional to n=2, n=*, n~% in a) and proportional to e~ (71772t =(Ro1=02=03)t o= (301—02)t
e~4o1t =601t for oy = 0.70, 09 = 0.57, 03 = 0.32 in b).

xg = 0.01 (orbit C1) and a regular one with initial condition z; = x3 = x5 = 0.55, x5 = 0.05,
x4 = 0.01, 26 = 0 (orbit R1). In Fig. 3.8 we see the evolution of GALIy, k = 2,...,6, for these two
orbits. It is well-known that in the case of symplectic maps the Lyapunov exponents are ordered
in pairs of opposite signs [75]. Thus, for a chaotic orbit of the 6D map (3.13) we have o1 = —og,
09 = —05, 03 = —04 with o1 > 09 > 03 > 0. So for the evolution of GALI, equation (2.88) gives

GALIy(t) oc e~ (17920t GALI3(t) oc e~ (Po1—02=03)t,

GALI4(t) e~ (Bo1—02)t GALI5(t) o e~4o1t  GALIg(t) o e~6911, (3.14)

The positive Lyapunov exponents of the chaotic orbit C1 were found to be o1 =~ 0.70, g2 ~ 0.57,
o3 ~ 0.32. From the results of Fig. 3.8a) we see that the functions of equation (3.14) for o1 = 0.70,
o9 = 0.57, 03 = 0.32 approximate quite accurately the computed values of GALIs.

For the regular orbit R1 we first considered the general case where no initial deviation vector is
tangent to the torus where the orbit lies. Thus, for the behavior of GALI;, k = 2,...,6, Eq. (2.90)
yields for m =0

GALIy(t) x constant, GALI3(¢) xx constant, GALI4(t) x t%’

GALI5(t) o %, GALIs(t) o 7. (3.15)

From the results of Fig. 3.8b) we see that the approximations appearing in (3.15) describe very
well the evolution of GALIs.

In order to verify the validity of equation (2.90) for 1 < m < 3, in the case of regular motion,
we evolve orbit R1 and three random initial deviation vectors for a large number of iterations (in
our case for 5 x 107 iterations), in order for the three deviation vectors to fall on the tangent space
of the torus. Considering the current coordinates of the orbit as initial conditions and using m = 1
or m = 2 or m = 3 of these vectors (that lic on the tangent space of the torus) as initial deviation
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vectors we start the computation of GALIs’ evolution. We note that the rest 6 —m initial deviation
vectors needed for our computation are randomly generated so that they do not lie on the tangent
space of the torus. The results of these procedures are presented in Fig. 3.9, where the evolution
of GALIg, k = 2,...,6, for different values of m is plotted. Fig. 3.9 clearly illustrate that equation
(2.90) describes accurately the behavior of GALIs for regular motion also in the case that some of
the initial deviation vectors are initially in the tangent space of the torus where the regular motion
takes place.

Let us now consider the case of a chaotic orbit which visits different chaotic regions in the phase
space of the map. The orbit with initial conditions x1 = z3 = x5 = 0.55, x5 = 0.05, x4 = 0.21,
6 = 0.0 (orbit C2) exhibits this behavior as can be seen from the projections of its first 1000
successive consequents on different 2—dimensional planes plotted in Fig. 3.10.

The projections look erratic, indicating that the orbit is chaotic. We also observe that in all
three projections the orbits stays ‘trapped’ for some iterations in oval-shaped regions and later
on goes away entering the big chaotic sea around these regions. This behavior is also depicted in
the evolution of the Lyapunov exponents of the orbit (Fig. 3.11a)). The three positive Lyapunov
exponents seem to fluctuate around o; =~ 0.033, o2 ~ 0.02, o3 =~ 0.005 for about 1000 iterations
exhibiting ‘jumps’ to higher values when the orbit enters the big chaotic sea, stabilizing around
01 = 0.793, 02 ~ 0.624, o3 ~ 0.365.

Let us now study how the behavior of GALIs is influenced by the fact that orbit C2 visits two
different regions of chaoticity characterized by different values of Lyapunov exponents. Since, C2
is a chaotic orbit its GALIs should tend exponentially to zero following the laws of equation (3.14).
Starting the computation of GALI;, k = 2,...,6, from the initial point of C2, when the orbit is
located in the first chaotic sea, we see that the exponential decay of GALIs is well described by
Eq. (3.14) using for o1, o9, o3 the approximate values of the Lyapunov exponents of the first
chaotic region (Fig. 3.11b)). On the other hand, using as initial condition of the chaotic orbits its
coordinates after 108 iterations, when the orbit is located in the second chaotic region, the evolution
of GALIs is well approximated by equation (3.14) but for o1 = 0.793, o9 = 0.624, o5 = 0.365, which
are the approximations of the Lyapunov exponents of the big chaotic sea (Fig. 3.11c)). So we the
oi, i =1,...,k used in equation (3.14) are good approximations of the first k& Lyapunov exponents
of the chaotic region in which the orbit evolves.

3.3 Application to the Dynamics of Coupled Standard Maps

Let us now consider a system of IV coupled standard maps described by the following equations

T = T Y (3.16)
- COK B
Yni1 = Ynt 7; sin(2ma,) — g{sm[%(iﬂffl — a})] + sin[2r (a7t — )]}

with j = 1,..., N, fixed boundary conditions 9 = xny4+1 = 0 and (§ the coupling parameter between
neighboring maps. In what follows, we shall examine the localization properties of this system
comparing the dynamics with what is observed when one studies a one—-dimensional Hamiltonian
system like the FPU lattice.
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Figure 3.9: Evolution of GALI;, £ = 2,...,6, for the regular orbit R1 on a log—log scale, for
different values of the number m of deviation vectors initially tangent on the torus on which the
motion occurs: a) m =0, b) m =1, ¢)m = 2 and d)m = 3. In every panel lines corresponding to
particular power laws are also plotted.
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3.3.1 Initial conditions localized in real space

Let us begin with the question of the existence of stable discrete breathers in this model, when the
coupling parameter (8 is small. Note that our equations have an exact stable fixed point, when all
particles are located at (x,y) = (0.5,0.0) (see Fig. 3.2). Taking N = 20 coupled standard maps, we
may, therefore, look for localized oscillations taking as initial condition (R1): (z;,y;) = (0.5,0.0), V
j # 11, perturbing only one particle at (211, 311) = (0.65,0.0) and fixing the parameters 5 = 0.001,
setting K; = 2, with j = 1,...,20. If a stable discrete breather exists, the orbits are expected to
oscillate about these initial conditions quasiperiodically for very long times.

Indeed, when we evaluate the GALI}, indices for n = 10° iterations in Fig. 3.12a and display
their evolution for k& = 2,...,7 on a logarithmic scale, we find that GALI, fluctuates around a
non—zero value while all the other GALIs decay to zero following power laws. This implies that the
motion is that of a quasiperiodic orbit that lies on a 2-dimensional (2D) torus. In fact, for initial
conditions (R2): (z;,y;)=(0.5,0.0), V j # 11,12, perturbing two particles (z11,y11) = (0.65,0.0),
(z12,y12) = (0.55,0.0) for the same parameters as in the R1 experiment, we detected regular motion
that lies on a 3D torus! This is demonstrated by the evolution of the GALIs in Fig. 3.12, where
not only GALIs but also GALI3 fluctuates around a non—zero value.

Such localized regular dynamics becomes evident in Fig. 3.12¢, where we exhibit the oscillations
of the x,—coordinate of the 11t 12" and 13" maps of the system for the last 10° iterations of the
R2 experiment. As seen in the figure, the motion is indeed quasiperiodic and confined to the middle
3 maps, as all other degrees of freedom do not gain any significant amount of energy. Similarly, we
have observed that exciting 3 central particles (7 = 10, 11, 12) gives a quasiperiodic motion on 4D
tori. This is reminiscent of the motion near discrete breathers of Hamiltonian systems and suggests
that the excitation of each particle adds one extra frequency to the motion.

3.3.2 Initial conditions localized in Fourier space

Finally, let us investigate the phenomenon of FPU recurrences in our system of coupled standard
maps. To do this, we first need to derive the linear normal modes of the model, in order to choose
initial conditions that will excite only a small number of them. Thus, keeping only the first term
in the Taylor expansion of the sine—function in (3.16), we obtain the following system of equations

' = Az, (3.17)
where 2/ = (I}l+1,yi+1, ...,xfyﬂ,yiVJrl)T, T = (337117%11’ ...,mg,yé\')T and
[ K1+~ 1 -8 0 0 0 0 0 0]
Ki+23 1 -8 0 0 0 0 0 0
B Kot~y 1 -8 0 0 0 0 0
3 Ky+28 1 -8 0 0 0 0 0
A= : : R : : : : ; (3.18)
0 0 0 0 B8 Ky+7 1 8 0
0 0 0 0 B Ky.1+28 1 8 0
0 0 0 0 0 0 8 Kn+v 1
L 0 0 0 0 0 0 -6 Ky+20 1]

with v =1+ 20.
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Figure 3.12: (a) GALI;, k = 2,...,7, for for N = 20 — coupled standard maps with K; = 2,
8 = 0.001 and initial conditions R1 (see text). GALIy fluctuates around a non-zero value implying
a regular motion that lies on a 2D torus, while the slopes of the algebraically decaying indices are in
agreement with (2.90).(b) GALIj for the initial conditions R2 (see text) imply that the motion lies
on a 3D torus, since GALI; 3 tend to a non—zero number. This quasiperiodic localized dynamics of
R2 is clearly seen in (c), where we plot the x,, oscillations of the 11** (light gray color), 12! (gray
color) and 13" (black color) map. From the last 10° iterations shown in this figure, it is evident
that the main part of the energy is confined only in the “middle” 3 maps and is not shared by any
of the other degrees of freedom of the system.
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Using now well-known methods of linear algebra, we diagonalize the matrix A writing D =
P~LAP, where P is an invertible matrix whose columns are the eigenvectors of the matrix .4 and
D is diagonal, D = diag[\1, ..., Aan], provided the eigenvalues \; are real and discrete.

Our case, of course, involves oscillations about a stable equilibrium point and hence the above
system has 2N discrete complex eigenvalues \; = a; + ibj, A\; = a; — ib; and eigenvectors w; =
uj + v, W3 = u; — vy, with j = 1,2, ..., N. Thus, ui,v1, ..., un, vy form a basis of the space RN
and the invertible matrix P = [v1,uy,, ..., vn, un] leads us to the Jacobi normal form

B:P*AP:MW[%'_%],
bj aj
of a 2N x 2N matric B with 2 x 2 blocks along its diagonal. In this way, using the transformation
z = P~ 'z, we can reduce the initial problem to a system of uncoupled equations, whose evolution
is described by the equations

=P APz, (3.19)

where 2/ = (l}lH, Kbty ZTJLVH, k‘T]yH)T, z= (1L, kL . IV EN)T and 2z represents the linear normal
modes of the map. Thus, in order to excite a continuation of one or more of these modes, we extract
the appropriate z—initial condition by the transformation x = Pz. The evolution in the uncoupled

coordinates is given by the transformation

P = al) — bk, (3.20)
Ko = bl +aik]

where each pair of (17, %7) corresponds to a normal mode of the system. Since the map is area—
preserving a? + b? = 1 and we may define the quantity Ej, = (15)? + (k7,)? as the energy of each
mode, which is preserved under the evolution of the linear map, ie. E/ , = Ej.  Thus, to
study recurrences, we start with the example of N = 5 coupled standard maps, choose a “small”
coupling parameter 5 = 0.00001 and excite 5 different modes. As a result, we are able to detect a
quasiperiodic orbit that lies on a 5D torus, indicated by all the GALI, k = 1, ..., 5, approaching
a constant, as shown in Fig. 3.13. This is verified in Fig. 3.13b, where we plot the corresponding
energy modes of the coupled system and find that they are nearly invariant, as they would have
been in the uncoupled case.

Next, we increase the number of coupled maps from 5 to 20, keeping 5 = 0.00001 and choosing
different K; (in triplets of -1.35, -1.45, -1.55), with j = 1,...,20. Exciting now only one normal
mode (the 1%), much like the original FPU case, we calculate the GALIs again and find that the
orbit is again quasiperiodic, lying on a 6-dimensional torus, as evidenced by the fact that GALI,, for
k = 2,...,6 fluctuate around non—zero values, see Fig. 3.14a. This is, of course, a low—dimensional
torus, since generically one expects regular orbits of this system to lie on N = 20—dimensional tori!
From the calculation of the normal mode energies in this experiment, we observe that the initial
energy is now shared by 6 modes and executes recurrences, for as long as we have integrated the
equations of motion. The energies of these 6 modes are not shown here since their values are too
close to each other to be distinguished in a graphical representation.

Finally, as our last experiment, we increase the coupling parameter to = 0.01, for the same
choice of initial conditions and K values as in Fig. 3.14a. The result is that the influence of the
coupling is now quite strong and leads to the breakdown of recurrences and the onset of chaotic
behavior. This is clearly depicted in Fig. 3.14b, where the GALIs of this case exhibit exponential
decay, implying the chaotic nature of this orbit.
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Figure 3.13: (a) GALIs for 5 coupled standard maps with Ky = —2.30, Ky = —2.35, K3 =
—2.40, K4y = —2.45, K5 = —2.50), B = 0.00001 and initial conditions that excite 5 different normal
modes. Note that the GALI; for k = 2, 3,4, 5 fluctuate around a non—zero value implying a regular
motion that lies on a 5D torus. (b) The energies for the corresponding normal modes.
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Figure 3.14: (a) Exciting only one mode in a case of 20 coupled standard maps, with 8 = 0.00001
and Kj; in triplets of —1.35, —1.45, —1.55, the GALIy, for £ = 2, ...,6 asymptotically become con-
stant, implying that the motion lies on a 6D torus. (b) An orbit with the same initial condition and
K as in (a) but with a larger coupling parameter, (3 = 0.01), becomes chaotic, as all the GALIs
are seen to decay exponentially to zero.
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CHAPTER 4

DYNAMICS AND STRUCTURE OF
BARRED GALAXIES

4.1 Introduction

Exploring the nature of orbits in galaxies constitutes a very important issue, not only because of the
evident astronomical interest in classifying the types of the orbits that exist in such systems, but
also because orbits are needed to construct self-consistent models of galaxies. In order to study and
understand the structure and dynamics of a galaxy it is necessary to calculate its orbits, periodic,
quasi—periodic and chaotic, as well as the percentages of phase space

A significant fraction among the galaxies are barred galaxies. Ferrers’ barred galaxy models
have proved very efficient for studying the main properties of real barred galaxies. The detection
of periodic orbits and their stability in these models has already been studied in detail by many
researchers [95, 113, 112, 92, 94, 93]. It is well-known that stable periodic orbits of low period
possess in their neighborhood significant regions of quasi—periodic (or regular) motion. A number
of questions, therefore, arises concerning these regions of stability: How far from the stable periodic
orbit, can regular motion be sustained? Where are chaotic regions located in phase space and
configuration space? What are the model’s parameters that favor larger islands of stability around
the main stable periodic orbits? Which kind of chaotic orbits, together with the regular, can
emulate realistic bar features and to what extent? How can chaotic orbits be associated with
actually observed stars’ orbits and motions that could be observed in real galaxies?

4

‘volume” they occupy.

4.2 The Ferrers’ Bar Model

A 3D rotating model of a barred galaxy can be described by the Hamiltonian function

1
H = (p; +py+p2) + V(2,9 2) = W(apy — ypa)- (4.1)

The bar rotates around its z—axis, while the z—direction is along the major axis and the y along
the intermediate axis of the galaxy. The p;,p, and p, are the canonically conjugate momenta, V'
is the potential, € represents the pattern speed of the bar and H is the total energy of the system

71
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(Jacobi constant). The corresponding equations of motion are

T = py + Ny,
y:py_be,
Z=p.,
ov
r = T 5 Q ’
P or + $dppy
oV
by = _aT/ Qppe,
L _ 9V
Pz 92

The equations of the evolution of the deviation vectors needed for the calculation of the SALI and

GALI indices are given by the corresponding variational equations

bz = Opy + Qdy,
5y = dp, + Qoz,
0z = Opz,
. ov 8V oV
O = = 50020% ~ Guay ™ T zaz07 T WPy
. ov oV oV
Spy, = — dx — Sy — 0z — Qyopy,
Py Oydx * Jydy Y Jyoz : bop
. oV oV oV
op= = _Gzﬁx(sx 020y Y™ 5202 0

The potential V' of our model consists of three components
1. A disc, represented by a Miyamoto disc
GMp

Vsz ’
\/m2+y2+(A+m)2

(4.4)

where Mp is the total mass of the disc, A and B are the horizontal and vertical scalelengths,

and G is the gravitational constant.

2. A bulge, which is modeled by a Plummer sphere whose potential is
GMg
VPP + 2+

Vg =—

where €, is the scalelength of the bulge and Mg is its total mass.
3. A triaxial Ferrers bar, the density p(z) of which is
pe(l=m?)? m<1
@) = 470 =) ,
0 ,m>1

105 GMp
327 abc

where p. = is the central density, Mp is the total mass of the bar and

2 2 2
2

m —+b7+— a>b>c>0,

(4.5)
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with a,b and ¢ being the semi-axes. The corresponding potential is

Pe * du

— 1— 2 n+1 .
VB WGabcn 1) A (1 —m*(u))"™, (4.8)
where ) ) )
9 x y z
= 4.
m () cz2—i-u_|—l)2—0—u+02—i—u7 (4.9)
A%(u) = (a® 4+ u)(0* + u) (P + u), (4.10)

n is a positive integer (with n=2 for our model) and A is the unique positive solution of
m2(\) = 1, (4.11)

outside of the bar (m >1), and A=0 inside the bar. The corresponding forces are given
analytically in [95].

This model has been used extensively for orbital studies by [113, 112, 92, 94, 93]. Our so—called
MAIN model has the following values of parameters G=1, Q,=0.054 (54Km - sec™!- Kpc™!), a=6,
b=1.5, ¢=0.6, A=3, B=1, €,=0.4, Mp=0.1, Mg=0.08, Mp=0.82 both for its 2D and 3D versions.
The units used, are: 1 kpc (length), 1 Myr (time), 2 x 1011M@ solar masses (mass) and the total
mass G(Mg + Mp + Mp) is set equal to 1.

The maximal time of integration of the orbits through the equations of motion and the varia-
tional equations is set to be T=10,000Myr (or 10 billion yrs), that corresponds to a time less than
that of one Hubble time ~ (13.7  0.2) billion yrs.

4.2.1 The 2 degree of freedom Ferrers model
The 2 DOF Ferrers model is described by the Hamiltonian equation (4.1) setting (z,p,) = (0,0),

i.e.
1
H =5 (0 +2y) + V(2,9) = Q(wpy = ypa)- (4.12)

The application of the SALI method to the 2 DOF barred potential can describe pictorially the
basic properties of the model and help us better understand the generalized 3 DOF model. In Fig.
4.1, we present the example of two orbits of the M AIN model, one regular in panel a), with initial
condition:

(@, 4y, pespy) = (—0.625,—-0.06,p,(H),0) (orbit R)

and one chaotic in panel b), with initial condition:

(@, Y, pa, py) = (—0.625,—0.24,p,(H),0) (orbit C),

for the Hamiltonian value H = —0.360. Their qualitatively different behavior is also shown in
Fig. 4.2a), where we have projected their intersections with the Poincaré surface of section in the
(y,py)-plane. The chaotic orbit C (gray points) tends to fill with scattered points all its available
part of the (y, p,)-plane, while the ordered orbit R (black points) creates a set of points that form
a closed invariant curve, on the left part of the picture.
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Figure 4.1: Projections of the regular orbit R (panel a)) and of the chaotic one C (panel b)) in the
(z,y)-plane.

In Fig. 4.2b), we apply the SALI method to these two orbits and present two characteristic
aspects of their different behaviors: For the chaotic orbit C, the SALI tends to zero (~ 10716)
exponentially after some transient time, while for the regular orbit R, it fluctuates around a positive
number. The corresponding maximal LCE, o1, for these orbits is shown in Fig. 4.2¢), where the
log(oy) for the regular orbit tends to zero, while for the chaotic orbit it tends to a positive number
after a long integration time. Mind that in Fig. 4.2 the Log(SALI) in y—axis of panel b) ranges
from -16 to 2, while the Log(co;) in panel ¢) ranges from -7 to 0. The advantage of our method is
the ability to detect the chaotic character of the orbit fast, since the SALI reaches the zero—value
after a relatively short time, ¢ ~ 103. The corresponding maximal LCE oy, in both cases and at
the same time (¢ ~ 10%), has not yet converged and thus one can not safely infer from its value the
true nature of the orbit.

By choosing orbits with initial conditions on the line p, = 0 (Fig. 4.3) of the PSS and calculating
their SALI values, we were able to detect very small regions of stability that can not be visualized
easily on the PSS. Then, taking initial conditions on the whole (y,p,)-plane (with x=0) and
calculating the values of the SALI, we can detect very small regions of stability (or instability)
more globally. We are able to construct a map of the chaotic and regular regions similar to the
PSS, but with more accuracy and higher resolution. We have chosen many different values of the
energy and used a sample of 50,000 initial conditions on the same (y, p,)-plane of the corresponding
PSS. In Fig. 4.4,4.5, on the left column we have plotted the PSS for the Hamiltonian values H=
—-0.360, —0.335(in Fig. 4.4), —0.300, —0.260 (in Fig. 4.5) and on the right column the corresponding
final values of the SALI for the chosen grid of initial conditions. In the right columns of these
two plots, the light grey color corresponds to regular orbits, the black color represents the chaotic
orbits/regions, while the intermediate colors between the two represent the so—called sticky orbits,
i.e. orbits that “stick” onto quasiperiodic tori for long times but their nature is eventually revealed
to be chaotic.

Repeating this procedure for many values of the energy, we are able to follow the change of the
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Log(SALI)

y Log(t) Log(t)

Figure 4.2: a) Poincaré surface of section for the two orbits R (black color) and C (grey color) in
the (y, py)-plane. The points of the successive intersections of the regular orbit R with plane create
a closed curve, while the points of the chaotic orbit C fill with scattered points all its available part
of motion. b) The corresponding evolution of SALI for the same orbits. The chaotic orbit C (gray
line) decays exponentially and fast to zero while the ordered orbit R (black line) fluctuates round a
non-zero number. c¢) The corresponding evolution of the maximal Lyapunov exponents o for the
same orbits. The chaotic orbit C (gray line) after some iterations tends to a non-zero value and
the regular orbit R (black color) reduces linearly and slowly to zero. Mind that the Log(SALI) in
y—axis of panel b) ranges from -16 to 2, while the Log(c) in panel ¢) ranges from -7 to 0.
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Figure 4.3: a) Poincaré surface of section for the 2D Ferrers’ model in (y,p,) plane for H =
—0.360, b) The variation of the SALI value for initial conditions chosen on the line p, = 0 of the
corresponding PSS of panel a).
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Figure 4.4: Agreement between the results of the Poincaré surface of section (PSS) and SALI. The
Poincaré surface of section for the 2D Ferrers model with H = —0.360 (panel a)) and H = —0.335
(panel c)). Regions of different values of the SALI for 50,000 initial conditions on the (y,p,)-
plane the same values of the Hamiltonian (panels b),d) respectively).The light grey colored areas
correspond to regular orbits, while the dark black ones to chaotic. Few gray and dark gray colored
points correspond to “sticky” orbits. Note the excellent agreement between the two methods as far
as the gross features are concerned, as well as the fact the SALI can easily pick out small regions
of stability which the PSS has difficulties detecting.
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Figure 4.5: Similarly as in Fig. 4.4, the panels in the left column correspond to the Poincaré surface
of section for the 2D Ferrers model with H = —0.300 (panel a)) and H = —0.260 (panel ¢)). The
panels in the right column show again the final value of the SALI for the chosen initial conditions
on the (y, py)-plane again respectively.
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Figure 4.6: Percentages of regular orbits for several values of the energy in 2 dof.

fraction of chaotic and ordered orbits in the phase space as the energy of the model varies. The
chosen values of the Hamiltonian functions cover the range of the available energy interval up to the
value of the escape energy, ensuring that there are not any escapes for the orbits. Using the SALI
method we followed the variation of the presence of chaotic orbits in the phase space as the value
of the total energy increases. Although, generally the percentages of the chaotic orbits increases as
the energy increases, this behavior diversifies in big energy values. As we can see in the example
of H = —0.300 and H = —0.260. Despite the fact that for H = —0.260 lots of stability islands
have been vanished, the main big island on the left has been enlarged relatively. The variation
of the percentages is presented in Fig. 4.6, where we have chosen seven values for the energy and
we present the percentages of the regular orbits. We used the threshold SALI> 1078, in order to
characterize an orbit as regular for the measuring of the percentages. We also tried to use a final
time for the integration of the orbits that it could offer to us a reliability in the distinction between
their regular and chaotic character, i.e. most of the sticky orbits would have the appropriate time
to signify their chaotic nature, and at the same time a realistic as possible physically final time
of iteration. Following this concept, we chose the maximal time of integration of the orbits to
be the T= 10,000Myr (or 10 billion yrs), that corresponds to a time less than one Hubble time
~ (13.7 £ 0.2) billion yrs. However, the evaluation of the SALI can be significantly faster when an
orbit is chaotic (SALI is tends to zero exponentially), since then we can terminate the calculation
earlier.

4.2.2 The 3 DOF Ferrers model

We now turn to the 3 DOF model and begin a study of ordered and chaotic domains, which will
be completed in paper II of this series. Let us choose, for example, a regular orbit and compare
the efficiency of our methods with the maximal LCE’s. In Fig. 4.7a),b) we show the behavior of a
regular orbit R1, with initial condition:

(x,Y, 2, Pz, Py, P-) = (0.58750,0.0,0.29770, 0.0, 0.33750, 0.0)
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at t = 0 and of a chaotic orbit C1, with initial condition:

(2, Y, 2, Pas Pys p2) = (0.58750, 0.0, 0.33333, 0.0,0.20000, 0.0).

In this example, the SALI has become almost zero for t ~ 10%. However, as it is clear in Fig. 4.7b),
the higher order GALI), k = 5,6, indicate the chaoticity of the orbit already by t~ 103, which is
just about the time when the maximal LCE stops decreasing (see 4.7a)).

In Fig. 4.8a), we show the behavior of the log(GALI) indices and their slopes for the regular
orbit R1. Note that only GALIy remains constant while the GALI3 456 tend to zero following
power laws predicted by equations (2.90)

1
; GALI4 (t) X t72 s

1
GALI5(t) a GALI4(t) 6 (4.13)

GALIy(t) o const., GALI3(t) x

"—‘H.\»—l

=2

for [ = 2. This means that the orbit’s motion lies on a 2D torus even though in 3 DOF Hamiltonian
systems one expects the dimension of the torus to be 3. One such example of a 3D torus is provided
by the regular orbit R2, with initial condition:

(,y, 2, Dz, Py, p=) = (0.97917,0,0.04167,0,—0.17778,0).

In Fig. 4.8b, we show its GALI indices, where both GALI3 3 o< constant and the GALI, 56 decay
linearly following the laws :

1 1 1
GALL(t) o 5, GALI5(t) o< -7, GALIg(t) o . (4.14)

for [ = 3. In order to understand in more detail the above results we calculated the main
frequencies of the regular orbits R1 and R2. We found that R2 has significant amplitudes at 3
main frequencies while R1 only at two, as shown in Fig. 4.9f),c) respectively. This difference is also
clearly reflected in their (x,y) and (x, z) projections, where the “complexity” of R2 (quasiperiodic
motion on a 3D torus) is more pronounced than the one of the orbit R2 (quasiperiodic motion on
a 2D torus). Thus, in such cases GALI3 offers an extra advantage in helping us detect different
“degrees” of regularity and does not serve only to distinguish between chaotic and regular motion.

4.3 The distribution of Orbits in Phase Space

For our calculations we used three different classes (Cases) of initial conditions:

e Case A:
50,000 orbits equally spaced in the plane (z,z,p,) with (y,pz,p.) = (0,0,0), with = €
[0.0,7.0], z € [0.0,1.5] and p, € [0.0,0.45].

e Case B:
50,000 orbits equally spaced in the plane (z,py,p.) with (y,z,p,) = (0,0,0), with = €
[0.0,7.0], p, € [0.0,0.35] and p, € [0.0,0.35].

The x is always the bar’s major axis. By these two ways, we try to create initial conditions
compatible with bar’s features. In this way, we attempted to create initial conditions that could
support the bar and be mainly trapped by the x1 tree, i.e. the z; family and the z1v;, i = 1,...
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Figure 4.7: a) Behavior of the maximal Lyapunov Exponents, o1, of the regular orbit R1 (black
line) and the chaotic one C1 (gray line) in the 3 DOF case. b) The corresponding SALI evolution
of the R1 and the slopes of the GALIs of the chaotic orbit C1. The maximal positive LCEs of
the orbit C1 are o7 ~ 0.00910 and o9 = 0.00345. Comparing with a) we see that GALI, k = 5,6
already predict the chaotic nature of the orbit at t ~ 2000, where the maximal LCE, o1, has not
yet shown such an indication.
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Figure 4.8: a) Slopes of GALIs for the regular orbit R1 lying on a 2D torus with only GALIy
constant while the GALI3 456 decay following a power law. b) Slopes of GALIs for the regular
orbit R2 showing that its motion lies on a 3D torus, where GALI; 3  constant.
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Figure 4.9: Two projections (1st and 2nd columns) of the quasiperiodic orbits R1 (1st row) and
R2 (2nd row) and their corresponding frequencies (panels ¢ and f). The R2 has 3 main frequencies
and this property is evident in the morphology of its motion in panel d (or e), compared to R1’s

motion in panel a (or b).
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families that bifurcate from it and extend vertically well above the disc region [92]. Although these
initial conditions cover all the available energy interval, they are not spread uniformly over it. Note
also that a few of these have an energy value beyond the escape energy, and we dismiss them.
These, however, constitute less than 0.5% of the total, so that they influence very little our study
and the statistics.

e Case C:

Initial conditions in the configuration space that follow the density profile of the model which
is related to studied potential of the system. By this way, we try to accomplish a more
realistic representation of a real galaxy. In order to achieve the appropriate density of points
we choose a random value of the Hamiltonian H (total energy) to be up to +10% of the escape
energy defined by the zero velocity curve. We set initially (py,p.) = (0,0) and we define the
maximum value of the density for the corresponding potential. Then, we give randomly
initial conditions for the spatial coordinates (z,y,z) in a grid defined by the axial-lengths
of the bar, i.e. —a <z <a, —b<2z<b —c <z <c where a,b, c are the lengths of the
major, intermediate and short axis of the bar and with the use of the rejection method [98]
we obtain the orbits in the picked (eligible) density. Having all these, in the end we calculate
the p,~momenta by the relation: p, = H(x,y, 2, py, pz).

For all three classes initial conditions we applied three variations to the M AIN initial model
(reference model), which we have named as A — MAIN, B — MAIN and C — MAIN model
respectively. The first variation is a model that it has the short z—axis (c—parameter) of the bar
twofold than the M AIN model (models A —2C, B — 2C and C — 2C'). Another one is a model
which intermediate y—axis (b-parameter) of the bar is two times of the initial M AIN model (models
A —2B, B—2B and C — 2B). Finally, a model was used in which the value of the mass of the
bar (Mp-parameter) is two times greater than in the original M AIN version (models A — 2M B,
B —2MB and C —2M B). The full details of all the version of our models can be found in Table
4.1.

The detailed information about the percentages of regular, sticky and chaotic orbits of these
models can be found in Fig. 4.11. In order to check that the final number of the initial conditions
(50,000) that we use is high enough for obtaining reliable information about the percentages of
ordered and chaotic orbits, we used the bootstrap—method [98] on several samples, and confirmed
their representativeness. In Fig. 4.10, we present synoptically the amount of regular motion among
the above different models (M AIN, 2C, 2B and 2M B) for all the three packages of initial conditions
(Cases A, B and C). From a first look and before turning to a more detailed discussion of these
results, the percentages don’t seem to coincide with each other and in some times the trends in
regularity are different although parameters variation in the M AI N model is the same. This is due
to the different sample of our initial conditions. Cases A, B and C create initial conditions that
they populate the phase space in a different manner, i.e. some packages can give initial conditions
that populate “better” the region of one stable (or unstable periodic) orbit than another.

4.3.1 Percentages of regular orbits

For the above classes of initial conditions we compute the distribution of regular and chaotic orbits
and we find that they attain the following percentages:

Percentages of Case A:



Chapter 4 : Dynamics and Structure of Barred Galaxies 83

Table 4.1: Parameters for all sets of initial conditions (Cases A, B and C).

Case | model | dof | Mp | Mg | Mg | A | B | e Q| a b c
A.B,C | MAIN 31082008 01| 3] 1{04]0.054|6]| 15|06
AB,C 2C 31 0.82 ] 0.08 0.1 ] 3] 1/04]0054|6115]1.2
AB,C 2B 310821008 01| 3] 1]04/|0.054]|6 3106
AB,C 2MB 310721008 02| 3] 1{04]0.054|6| 15|06

CASE A - Initial conititions on the plane (x,z,py) CASE B - Initial conititions on the plane (x,py,pz)
50 T T T T a) ] 50 I T T T T b) ]
40,55%
40 - E 40 |- i
o 30 — o 30 -
g 21,88% g 24.51%
g e g ot 19,95%
14 14 17,78%
5 20 T 5 20 16,59% T
X 13,15% X I
10 | 8,15% | 10 g
0 2MB  MAIN 2B 2C 0 2MB  MAIN 2B 2C
CASE C - Random initial conititions
50 T T T T C) ]
40 - E
%
S 30 i
5
>
z L 19,32%
G
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Figure 4.10: Percentages of regular orbits (SALI> 107%) for the A, B and C packages of initial
conditions (Cases A, B and C) for all the different versions of them (models MAIN, 2B, 2C,
2GMB).
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In Fig. 4.10a), we present the percentages of the regular orbits for the various packages of initial
conditions of the Case A. The distinguishing between them has been done with the threshold
SALI< 1078 for the chaotic and SALI> 10~ for the regular, while orbits with 108 <SALI< 10~*
are generally considered to be “sticky” orbits. In Fig. 4.11(first column), we present thoroughly the
percentages of regular (1st bar), intermediate—sticky (2nd bar) and chaotic (3rd bar) trajectories.
Comparing the percentages, we see that the increase of the bar mass (model 2M B) causes more
chaotic behavior. This also confirms the results by [9] in 2 degrees of freedom. On the other hand,
when the bar is thicker (model 2C), i.e. the length of the z—axis larger, the system gets more
regular. Finally, we present the corresponding results for a version with larger y—axis (model 2B)
of the basic M AI N-model. It turns out again that the increment of the intermediate axis of the
bar provides to the system more ordered orbits but not of the same magnitude as the 2C—model.

Percentages of Case B:

Similarly, in Fig. 4.10b), we present again the percentages of the regular orbits but for the several
packages of initial conditions of the Case B now. Using always the same chaos threshold, in
Fig. 4.11(second column), we present the detailed percentages in the same way as in Case A. Again
the increase of the bar mass (model 2GM B) causes more chaotic behavior. On the other hand,
when the bar is thicker (model 2C'), the system gets again more regular. Finally, we present the
corresponding results for a version with larger y—axis (model 2B) of the basic M AT N-model. The
different package of initial conditions affects differently in this case. The percentages for model 2B
are similar with the M AIN model’s. The M AIN model contains 19.95% of regular orbits while
the 2B model 17.78%. We should point out here that besides the difference in the initial conditions
between Cases A and B in the coordinates z and p,, there is also a slight difference in the maximum
value of the momenta p, (up to 0.35 now instead of 0.45 before in Case A).

Percentages of Case C:

As previously, in Fig. 4.10c), we present again the percentages of the regular orbits but for the
several packages of initial conditions of the Case C' now (look Fig. 4.11(third column) for the
further details). Again the increase of the bar mass (2GM B model) causes more chaotic behavior.
As the 2B model of Case A, a thicker bar in the y direction turns the system more regular. For
the version with larger z—axis (model 2C') of the basic M AI N-model there is a small decrease in
the percentages of regular orbits (6.61% now from 8.35%. It turns out that this particular way of
giving initial conditions doesn’t reveal the same trend as the previous.

A first result is that one should consider well what initial conditions want to give and how
this shell “covers” well enough the actual phase system of the system. For instance, we initially
considered Cases A and B in such way that these initial conditions could mainly well parent the
main periodic orbit z; (orbits responsible for the barred portrait of the galaxy model) and not very
well the retrograde and generally stable family of x4 periodic orbit [113]. Trying to include a more
“global” package of initial condition of the form of Case A that could explore better the system’s
phase space we tried the following:

o Case A”:

50,000 orbits equally spaced in the plane (z,z,p,) with (y,pz,p.) = (0,0,0), with = €
[0.0,7.0], z € [0.0,1.5] and p, € [—0.8,0.8]. The present range for the momentums p, is
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Figure 4.11: Percentages for the Cases A ,B and C for the M AIN (1st row), the 2M B (2nd row),

2B (3rd row) and 2C' (4rth row) model. The boxes 1 and 2 contain regular orbits, while boxes 3
and 4 contain chaotic. Box 1 contains strongly regular, box 4 contains strongly chaotic, in boxes 2
and 3 we put the sticky orbits.
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Table 4.2: Models with different €2, - model parameters values.

model | dof | Mp | Mg | Mg || A | B | € Q ry | a b c
9] 31082008 011 3| 1]0.4]0.0367032 | 1.4a |6 || 1.5 0.6
Q9 31082008 011 3| 1]0.4]0.0403014 |1.3a |6 | 1.5 0.6
Qo 31082 ]0.08| 0.1 3| 1]0.4]0.0444365 | 1.2a |6 | 1.5 0.6
Q4 31082008 0.1 3| 1]0.4]0.0493654 |1.1a| 6| 1.5|0.6
Qs 31082008 011 3| 1]0.4]0.0554349 | 1.0a | 6 || 1.5 0.6

related with the maximum value that is allowed for this to reach associated the zero velocity
curve of the system. The amounts of regular orbits are following same trends as in Case A but
having small differences in the percentage numbers. The M AI N-model has 25.76% regular
orbits, the 2M B-model 16.70%, the 2B-model 43.54% and the 2C-model 32.18%.

From our study (details for this are given in next paragraphs), it occurs that, the majority of
the regular orbits lie close to (z,y)-plane with small z. The z—direction, for all out outputs, seems
to be unstable and very chaotic. Thus, by increasing the c—parameter we increase the number of
initial conditions that they are far from the (z,y)-plane, since —c < z < ¢, in other words the
number of chaotic orbits.

4.3.2 Percentages of regular orbits vs. energy

In order to check the variation of the percentages of regular and chaotic orbits as the energy of the
model varies, we did the following: We first sorted the energy values for all the initial conditions.
Then, we created 30 energy intervals containing equal number of orbits, since our way of giving
initial conditions does not imply their uniform distribution in the total energy interval. In every
energy interval we calculated the percentages of regular and chaotic orbits, considering as chaotic
all the orbits with SALI< 1078, In Fig. 4.12a) we show the percentage of regular orbits in each
energy interval, as a function of the mean energy in that interval. Generally, the percentage of
regular orbits decreases as the energy increases, but before and after the escape energy (where
the Jacobi constant value is H ~ —0.20) there are two peaks. This non—monotonic behavior is
related to the appearance or disappearance of stable periodic orbits in the phase space and the size
variation of the stability regions around them.

We can compare the results for the percentages of the 3DOF M AI N model with the percentages
of 2DOF (since the rest of the parameters are exactly the same) up to the value of the escape energy
where we have data for both. There is a similar behavior, the percentages decrease as the energy
increases but near the value of the escape energy there is a pick again in both. Of course the way
of giving initial conditions in 3DOF offers to us energy values often larger than the escape energy
value.

4.3.3 Percentages of regular orbits vs pattern speeds

Furthermore, choosing one class of initial conditions (Case A), we work with different models for
several values of the bar’s pattern speed €2, see Table 4.2, where we always keep the rest of the
model parameters constant. In this versions we try to explore the effect of the value of the pattern
speed in the global ordered or chaotic behavior of the system. The corresponding percentages are
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Figure 4.12: Percentages of the regular orbits as the energy (first row/panel), the initial coordinate
in the z-axis and their initial spherical radius Ry, (middle row), the < |z| > and < Rgp;, > (third
bottom) of the orbit’s evolution vary for the four versions of the set of initial conditions - Case A.
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Figure 4.14: The percentages of the chaotic and ordered orbits for the three different values of the
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Figure 4.15: Percentages of the regular orbits for Case A (initial conditions on the plane (z, z, py)
for the 5 € valuesie. Q = 0.0367032, Q) = 0.0403014,, O = 0.0444365, Q) = 0.0493654 and
Qp = 0.0554349, for the right to left.

shown in Fig. 4.15. From the orientation of periodic orbits, [24] showed that bars have to end before
corotation, i.e. that r; > a, where r; the Lagrangian, or corotation, radius. Comparing the shape
of the observed dust lanes along the leading edges of bars to that of the shock loci in hydrodynamic
simulations of gas flow in barred galaxy potentials, [7, 8] was able to set both a lower and an upper
limit to corotation radius, namely r;, = (1.2 + 0.2)a. This restricts the range of possible values of
the pattern speed, i.e. £, = 0.0367032, that corresponds to the Lagrangian radius r;, = 1.4a and
Qp = 0.0554349, that corresponds to r;, = 1.0a. Using the extremes of this range, and three extra
intermediate values: €, = 0.0403014, ©; = 0.0444365 and €2, = 0.0493654, that corresponds to the
Lagrangian radius rr, = 1.3a, v, = 1.2a and ry = 1.1a with the parameters that they are given in
Table 4.2. We investigated how the pattern speed of the bar affects the system and found that as
), increases the percentage of the regular orbits presents a decreasing trend.

4.3.4 Regular and chaotic orbits in configuration space

We also attempted to explore the way that regular and chaotic orbits are distributed along the
z—direction of the configuration space. Following the evolution of each orbit, we calculated the
mean of the absolute value of their z—coordinate (< |z| >). Then, we divided the available < |z| >—
interval in 30 slices with equal number of orbits in each one of them. This restriction gives us better
samples for the estimation of the percentages, implying at the same time that these slices are not
equally sized necessarily. For every slice separately we calculated the fraction of regular orbits and
in Fig. 4.12b we plot these percentages as a function of the < |z| > in that slice. It reveals that the
slices ‘near’ the (z,y)-plane (< |z|] > < 0.35) contain mainly ‘regular’ orbits. Contrarily, slices
for larger values of mean absolute z values host mainly chaotic motion.
Furthermore, we looked at these percentages as a function of the initial spherical radius (Rsphericat)

and the mean spherical radius over the evolution (< Rsphericat >) (Fig. 4.12¢,d). Again, dividing
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Figure 4.16: Slices of the (x,py)-plane for different z values. Dark regions corresponds to the
chaotic initial conditions, light gray to the regular and the intermediate colors to the sticky. The
color bar represents the values of the SALI in logarithmic scale.
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in 30 slices the total range of the Rgpperical, in & similar manner as the < |z| >, we calculated the
percentages of regular orbits. We plot this for every slice, as a function of the mean Rgppericar 0f
that slice. We see that the fraction of regular orbits decreases strongly with increasing Rgpherical
up to Rgpherical < 1.5 where it reaches a minimum, while for 1.5 < Rgphericar < 7 this percentage
starts increasing gradually. This result is in good agreement with the results in Fig. 4.12d, where
the horizontal axis corresponds to the value of the mean spherical radius over time of the orbital
evolution.

In order to localize the distribution of regular and chaotic orbits in the z—direction, we take
the set of initial conditions Case A (version 2C for this example) (z, 2, py) and we create a mesh in
the (z, p,)-plane with different slices in the z—direction that start from z = 0 up to z = 1.25 with
step = 0.25. In Fig. 4.16, we see that as the level that we choose initial conditions on the z-axis
increases (starting from the first row and from left to right panels), large islands of stability on the
(x, py)-plane shrink, especially the big island in the central area, where z is approximately between
the values 0 and 2. This trend is almost monotonic up to the z—slice z = 1 (Fig. 4.16, third row, left
panel). For z = 1.25 (Fig. 4.16, third row, right panel) the stability region approximately between
1.5 and 2 starts to grow. This result is related and in agreement with the one in Fig. 4.12b, where
we have plotted the percentages of regular orbits with the < |z| >, i.e. the orbits’ mean values in
the z-direction during their evolution in time.

Comparing finally, the results in Case A—-M AIN model in Fig. 4.13 of the strong ordered
(SALI> 10%), strong chaotic (SALI< 107%) and sticky or weak chaotic (1078 <SALI< 107%)
orbits (the percentages corresponds in this case to the total number of regular, chaotic and sticky
orbits and not to the total amount of orbits) of versus the mean of the absolute value — < |z] >
that the orbits spend on the z—axis, it turns out that generally the most part of the regular orbits
are near the plane, i.e. < |z| >< 0.3 roughly. By increasing the lengths of the intermediate or the
short axis of the bar, the percentages of the regular orbits don’t dramatically change, while when
the mass of the bar is increased they are enclosed mostly near to (z,y)-plane than in all the other
cases.

4.4 Comparison with Observations

In this section, we attempt to use the obtained information from the dynamical study of the chaotic
and regular orbit motion and locate this kind of motion in “real observed stars”. A way that this
goal could be achieved is by comparing the velocity or momentum distribution of chaotic and
regular trajectories in real space. In order to do this we will choose two samples of orbits, one
being chaotic and the other regular. But before doing this, let us look more carefully at some
characteristics that “typical regular and chaotic” orbits possess:
In Fig. 4.17, we show a “typical” regular orbit with initial condition:
(x,2,py) = (0.391670,0.083330, 0.133330).

In the first row, we show its (x,¥), (z, z)—space projections and its GALIs evolution. In the second
row, its maximal Lyapunov exponent with its Fourier analysis for the  and z coordinate respectively
for the total time evolution. Finally in the third row, the Fourier analysis for three separate time
intervals of the orbit evolution of the xz—coordinate. All methods are in agreement with the fact
that the orbit is regular and they confirm its morphology. The motion is quasiperiodic and the
maximal Lyapunov exponent tends asymptotically to zero. The GALI> 3 are constant, implying
regular motion on a 3 dimensional torus while GALI, 5 6 go linearly to zero following power lows as
the theory predicts. Its frequency spectra shows clearly the main frequencies of the motion, some
occuring in the analysis of the z—coordinate.
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Lets now study a “typical” chaotic in Fig. 4.18 in a similar manner with initial condition:
(x,2,py) = (0.587500, 1.291670, 0.000000).
By all methods the orbit looks chaotic first due to its morphology. The scattered motion in the
(z,y, z)-plane sis highly irregular and the orbit fills densely the available space. The maximal
Lyapunov exponent tends now to a non-zero positive value, while all GALIs indices decay expo-
nentially to zero. Finally, the Fourier analysis shows a spectrum that is continuous without any
clear or discrete frequency.

Comparing the above morphologies one can easily predict that the velocity dispersions of these
two orbits can’t be the same, since the chaotic one seems already to have more spread motion in
space, i.e. larger distribution of velocities. But do all chaotic orbits have this kind of irregular
profile? The answer is generally not. In Fig. 4.19, we present an example of such a chaotic orbit
with initial condition:

(x,2,py) = (2.350000, 0.088830, 0.133330),

which does not look as typically irregular as the previous one. All the known chaos detectors define
this trajectory as chaotic although its morphology doesn’t imply such behavior. The reason is that
the chaotic detectors check the neighboring orbits quite fast and can predict quickly the true nature
of the orbit. The phenomenon of slow diffusion is very common in this kind of galaxy models and
we found that a big number of this kind of orbits are indeed diffusing so slowly that one should wait
too long to observe this behavior (many Hubble times). Some time it’s because of the “stickiness”
phenomenon: These orbits remain close to islands of stability for long times and thus it takes longer
for them to reveal their chaotic nature. Summarizing the above, there is a significant number of
chaotic orbits that, by an observational point of view, look more “regular” than “chaotic”, at least
when examined during the time interval that we interested in.

In order to relate the “truly” dynamical state of an orbit with orbital motion observed either in
simulations or real observations, we study their velocity distributions. For that reason, we should
first be able to separate among the chaotic orbits the ones that quickly reveal their nature, since
these are the ones that behave irregularly when they are observed. For that reason, we use the
Fourier analysis and apply the following procedure:

e We take a representative sample of orbits in one of our models (Case A - MAIN model), which
are chaotic according to the GALI method. In this sample there could be some chaotic orbits
that are “regular-like” and which we want to exclude.

e On this sample, we perform Fourier analysis to distinguish algorithmically these chaotic orbits
that are expected to have a spectrum like a regular orbit, i.e. with discrete frequencies wj.

e Based on their Fourier analysis, we calculate initially the total sum of the frequencies ampli-
tudes Zf\i 1 @;. Then, we find the maximum amplitudes of the frequencies. We choose the
frequency with the first maximum, find all its harmonics and exclude them. Then we locate
the frequency with the second maximum amplitude (if one exists) and exclude its harmonics
also and so on. Then, we take out the neighbor of these peaks with the noise as well and the
frequency spectra is filtered by now. Adding the maximum amplitudes that we have found
(one, two or three) and dividing this sum by the sum of total amplitudes of the frequencies
we find a percentage.

e It turns out that for regular or “regular-like” orbits this percentage is close to 90-100%, since
everything that remains after the filtering procedure is almost the amplitudes of the main
frequencies. For the “typical” chaotic orbit, however, this percentage is rather small, i.e. from
0 to 40% generally.
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Figure 4.18: Chaotic orbit with initial condition (z, 2, p,) = (0.587500, 1.291670, 0.000000)
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Figure 4.19: A chaotic but “regular-like” orbit in its morphology with initial condition (z, z, py) =
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Having already a sample of regular orbits and using the above procedure as a tool, we can
distinguish and reject the “regular-like” orbits (as we described before) among the chaotic ones.
We, thus, have an appropriate sample of suitable observational chaotic orbits for our purpose.

4.4.1 Distribution of chaotic and regular obits in configuration space

In this section, we present the different behaviors of the regular and chaotic orbits in the configu-
ration space intersecting several slices along the z—axis. We took a sample of 100 regular and 100
strong chaotic orbits and created a mesh of 1000x1000 boxes on the (x, y)—plane (-6,5< z,y <6.5)
at four slices in the positive direction of the z—axis (0 < z < 2). Then, we followed their evolution
for the total time of integration t=10, 000 and measured their visits in each box. The regular orbits
show a preference in visiting specific regions on the (z,y)-plane and avoiding the central region.
This is more evident in the z—direction, where they are concentrated mainly around two regions.
On the other hand, the chaotic orbits tend to spread more uniformly in the (z,y)-plane and pass
more frequently through the center. Their distribution on the vertical axis is also more uniform
compared to the regular orbits. From our choice of regular orbits in this check, we excluded orbits
with initial conditions of the form (z,z,p,) = (0, 2,0), since they oscillate vertically continuously
crossing the plane and that would increase dramatically the density of visits there. This property
would prohibit the clear distinction between the different distribution of chaotic and regular mo-
tion. In Fig. 4.20 we present the density distribution of chaotic and regular orbits for a slice “near”
the (z,y)-plane with small relative thickness in the z—direction, i.e. z < 0.25.
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-

3.5

Figure 4.20: Visits of regular (top) and chaotic (bottom) orbits in a grid of 1000x 1000 boxes on the
(x,y)-plane for a slice with a “small” extension in the positive z—axis (z < 0.25). Dark gray boxes
correspond to regions where the orbits pass with higher density (the color bar is in logarithmic
scale).
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4.4.2 Velocity distribution in configuration space

We picked three boxes/spots along the two different directions. Taking a sample of 100 regular
and 100 chaotic orbits (by the above described procedure), we integrated them for the total time
interval t= 10,000 and kept the velocities vz, vy, v, each time that they pass through the chosen
boxes. By this way, we created diagrams of the v, vy, v, distribution (Fig 4.21).

Boxes along the z-axis:

Box 1: z € [0.5,0.7], y € [-0.1,0.1], z € [-0.1,0.1]
Box 2: z € [1.0,1.2], y € [-0.1,0.1], z € [-0.1,0.1]
Box 3: z € [2.0,2.2], y € [-0.1,0.1], z € [-0.1,0.1]

Considering that the sample of the orbits could move either in the same direction with the bar
(having velocities with positive values — like those quasiperiodic orbits around the periodic orbit x1)
or inversely (with negative velocities, like those quasiperiodic orbits around the retrograde periodic
orbit xz4), it is expected to observe both positive and negative values for both the regular and
chaotic orbits. The regular orbits seem to be populated in two peaks around zero while the chaotic
are spread in more uniform way around the zero value (see Fig. 4.21a,b,c). The velocities of regular
orbits, depending on the chosen box, could some times be located in values around zero.

It seems that usually regular orbits tend to form one or more (depending on the variety and
complexity of the orbits) relatively steep “Gaussian-like distribution(s)”. On the other hand, the
velocities of the chaotic orbits tend to form a quite different and outspread velocity—distribution.

Similar results were obtained when we chose three boxes like just above but now along the
y—axis.

Boxes along the y-axis:

Box 1: z € [-0.1,0.1], y € [0.5,0.7], z € [-0.1,0.1]
Box 2: z € [-0.1,0.1], y € [1.0,1.2], z € [-0.1,0.1]
Box 3: € [<0.1,0.1], y € [2.0,2.2], z € [~0.1,0.1]
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CHAPTER 5
CONCLUSIONS AND FUTURE OUTLOOK

In this thesis, we have attempted a thorough study of regular and chaotic motion in systems of area—
conserving coupled symplectic maps and in models of barred galaxies described by Hamiltonian
dynamics. The special properties of the coupled maps, i.e. the convenience of their computation
and the universality of their dynamics, gave us the chance to apply and explore, in a full extent,
the abilities of the GALI method in distinguishing rapidly and efficiently between regular and
chaotic motion. Understanding initially, its behavior in low—dimensional examples, we turned to
the case of IV coupled standard maps and we were able to distinguish quickly and reliably, not only
chaotic from regular behavior but also among different types of regular motion depending on the
dimensionality of the tori in the 2N—-dimensional phase space. In order to achieve this goal, we
worked with two different types of initial conditions: a) localized in real space, exciting a “small”
number of particles (called breathers) and studying their regular or chaotic motion and b) localized
in Fourier space (called g—breathers), exciting only a “small” number of normal modes and studying
recurrence phenomena.

Using then our dynamical indicators, we studied thoroughly the Ferrers’ barred galaxy models
from a dynamical point view and tried to relate our theoretical results with real astronomical data
that could be observed. In order to accomplish this, we applied the SALI and GALI criteria for
their qualitative and quantitative distinction of the orbits in phase space. In 2 degrees of freedom
Ferrers’s models, we were able to identify tiny regions of regular or chaotic motion, which are
not clearly visible on Poincaré surfaces of section. We have also computed percentages of regular,
“sticky” and chaotic orbits varying the values of the main parameters, such as the energy (in the
2D model) or the length and the mass of the bar component (in the 3D model). Chaos turns out
to be dominant in galaxy models whose bar component is more massive, while models with thicker
width or longer bar length present generally more regular behavior.

Additionally in the 3D model, we used GALI 3 to show that these are cases where the torus on
which a regular orbit lies is 2-dimensional, while the expected dimension of the tori is 3. Concerning
chaotic orbits the GALI3 4 5 ¢ indices decay faster than SALI (or GALIy) and are able to detect chaos
at times when this is not yet evident by the calculation of the maximal Lyapunov characteristic
exponents. We also studied how the regular motion varies as the energy increases, and found that
the percentages of regular initial conditions decrease up to a certain energy value and then start
to increase again. We also found that bars that rotate faster are more chaotic and that, generally,
percentages of regular motion (in terms of initial conditions in phase space) decrease sharply at
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small radial distances from the center of the galaxy and also do not extend relatively far in the
z—direction.

We then extended our study of the chaotic and regular orbits in 3D galaxy models and focus on
answering questions of relevance to astronomy. Different meshes of initial conditions were used for
the detailed and global understanding of the full phase space. Addressing our applications to strictly
astronomical properties of the orbits in order to understand better their physical interpretation,
we analyzed the Fourier spectrum of the regular and chaotic trajectories. Different types of chaotic
motion in the (z,y, z)—configuration space were studied and chaotic orbits were found that one
could say behave in a “regular” way, at least for time intervals with a physical significance, i.e. one
Hubble time. By these combined techniques, we were able to separate a “purely” chaotic orbital
motion from regular studying their different characteristics as observed in real galaxies, such as:
their morphology and velocity (or momentum) distributions in configuration space. We showed
that momentum distribution diagrams can be used as a tool in N body simulations to locate a
possibly “pure” chaotic motion in a real galaxy.

Although many tools and aspects of the theory of the nonlinear dynamical systems and methods
of chaos detection were studied and applied in this thesis for the understanding of barred galaxies,
there are still plenty of open problems to be explored and questions to be answered. Double
barred galaxies has been recently studied in [36, 37, 73, 74] which can also be analyzed using our
tools in order locate chaotic motion in the full 3 degree of freedom potential. There could also
be applications in galaxy models with black holes at their center, while it would be interesting to
study in detail their halo effect in the global stability of the phase space and the amount of chaotic
(or regular) motion in the configuration space that could be associated with realistic astronomical
data. Furthermore, these techniques can also be applied to self-consistent N body simulations
[7, 8] to compare their efficiency and results with those of the analytical potentials.
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CHAPTER 6

APPENDICES

6.1 Appendix I: Potentials — Density Pairs

6.1.1 Miyamoto—Nagai model

The Miyamoto—Nagai potential (1975) [84, 85], is described by the following equation:

GM

(R, z) = — ,
VB + (A+ VBT F 22

(6.1)

where R? = 22 + y? is the radius of the disc, G is the gravitational constant, M is the mass disc
and the parameters A and B characterize the disc’s shape. The corresponding density distribution
function is computed by the Poisson’s equation and it has the form:

B2M AR? + (A +3V22 + B2)((A+ V22 + B2)?
41 [R2+(A+‘/Z2+BQ>2]5/2(2’2+32)3/2

p=( (6.2)
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The first and the second derivatives of the potential are:

o GMx
’ [R2 + (A + VB2 + 22)2]3/2
o — GMy
! [R? + (A + VB? £ 22)2]3/2
A 1
®, = GMz(1+
’ At T (R + (A+ VB2 + 22)2]3/2)
o B GM (1— 322 )
- R2+ (A+VBZ+22P2° R+ (A+ VB2 + 22)?
2
Dy = Sl (1- il )
R? + (A+ VB2 + 22)2)3/2 [R?+ (A+ VB2 + 22)?
2
0. - i E——— * (6.
R? + (A4 VB2 + 22)2]3/2 VB2 1227 [R?+ (A4 V22 + B?)?
2
e
VBZ+22" (VB?+22)3/2
> _ —3GMuzy
v [R? + (A + VB? £ 22)2]5/2
5. — —3GMzxz (1+ A )
- [R2+ (A+VBZ+22)2)5/2° /B2y 22
—-3GMyz A
by, = 1+ )
[R2+ (A+ VB2 + 22252 /BZ+ 22
6.1.2 Bulge sphere
The potential of the Plummer sphere is:
M,
g s (6.4)

where R? = 22 +y? + 22, ¢, is the scalelength of the bulge, G is the gravitational constant and M
is its total mass.

6.1.3 Ferrers’ ellipsoid

A triaxial Ferrers bar, the density p(x) of which is [39]:

o(z) = {pc(l—m2)" ,m<1

) 6.5
0 ,m>1 ( )

__ 1056 GM
where p. = 9 he

geneity degree and

is the central density, M is the total mass of the bar, n represents the homo-

2 2 2

2 T Y z

with a,b and ¢ being the semi-axes. Following Chandrasekhar (1969), the density distribution
represents an inhomogeneous ellipsoidal figure with potential:

2 a>b>c>0, (6.6)

Pc < du 2 n+1
L A mr (67)

® = —7Gabe



Chapter 6 : Appendices 109

where
2 2 2
9, v T Yy z
m(u)_a2+u+b2+u+02+u’ (6.8)
Az(u) = (a2 + u)(b2 + u)(02 + u), (6.9)

) is the unique positive solution of m?(\) = 1, if m > 1, that is, if the particle is outside of the bar
and A = 0 inside the bar. From the above, it is clear that the potential, in fact, is a function of the
position of the particle (z,vy, z) and of the parameter A\. Thus, we can conclude that this potential
satisfies the property 9\® = 0. Furthermore, using a multinomial expansion of the (1 —m?(u))" !,
we can simplify the expression of the potential.

2 n+l z? y2 2* n+1
(L= m™(u)) - (1_a2+u+b2+u+02+u)
R D P S LN (R

TN 2 2 2
itj+kHl=n+1 djlelil = Cat +ut bttt tu

_ (n+1)! n—itl 2j 2k 20, L 1o 1y
N Z iR (=1) vYes (a2+u) (b2—|—u) (02+u)
itj+k+Hl=n+1
Substituting this expression into the potential, we get
pe [ du (n+1)! —it1 25,2k 21 L 1 1
® = —7wGab -1 7 ,
i ‘“3n+1/A DL D e Y s S @ 1)

i+ j+k+l=n+1

}

n! o * du 1
= —nGabcp, 7—1”*”]%”/ : 6.11
nGabepe AT N N o ¥ B v -y ez A G

itj+k+l=n+1

n! i o
= —rGabepe Z m(_l)n g2y 2k 2
irjrhti=nt1 Y

where w;z; depends on A and is defined as

* du 1
A(u) (a2 + u)I (b2 + u)k (e + u)t”

Wik = (6.12)

We have computed W like Pfenniger (1984) [95], and they depend on the elliptic integrals of first
and second order, E and F|, respectively. As we already mentioned, Wz depend on A, and at the
same time, A depends on the point (z,y,z). In order to get the derivatives, we have to compute
the derivatives of Wj;; with respect to x, y and z:

OWiw_ OWjg OA
ox N o\ Oz
Wi OWi OA

= — 1
oy ox 0Oy (6.13)
6ijl 8ijl oA

9z O\ 0z
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e Wik ax A O\
So, we need to calculate the quantities —53~, 77, e and 37:

% _ 1
O\ - (a2 +)\)i+1/2(b2 +)\)j+1/2(c2+>\)k+1/2
ox Zh
o (aQﬁ-Q)\)Q + (b2f)\)2 + (c2f>\)2
ox )
o (a;fA)? + (b?fw + (0212)\)2
N _ i3
2 @ T e e
Since, 9 0A = 0:
0= ?%) = —wGabep, Z ﬂﬁl]iﬂ“(l)”_ixzijkZZI%

i+jt+k4l=n+1

Therefore, we compute the first and second derivatives, for example, with respect to the variable
x:

@ _ oo ovor
dx or O\ Ox

n! e 2
= _WGabcpc Z m(—l)n 1(2])x2j 1y2k22lekl
it thti=nt1 "I

d?® n! R—i (0 (0 4 2j—2. 2k 2l
Tz = —wGabcpc{l | Zﬁ W(—l) (25)(25 — Va7 “y“ 2" W
i+j+k+l=n+1
oA n! Ciroan2j—1, 2k 21 OWiiki
+ —( Z W(—l)” "(27)x™ Ty 2 W)}

i+jt+kHl=nt1

Homogeneous bar potential n =0

We obtain the expression of the potential for n = 0 by substituting n = 0 in the general expression:

0! i 9
O(z,y,2z) = —7wGabep, Z W(_l) 372]3/2k22lekl

i+j+k+i=1
= —wGabcp.(—Wooo + JZQWH]O + y2W010 + 22W001)
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Setting C' = —wGabep,, the first and second derivatives of this potential are:

q)m = QC{L’WH)Q (6.14)
o, = 2CyWoo
(I)z = QCZWO(H

Do = 20(Wigo + 2 N0
Oy = 20(W01o+y81g§10§;‘)
0z = 20(”’0014—2%%)
B,y = 2C agvioogz,@yﬁwyagim %
P, = 2035%%7@30:20;327201%
. = 2C 82310‘32,@@—2026?20122

Inhomogeneous bar distribution, n =1

In a similar manner as before we set now n = 1 in the general case.

1

O(x,y,2) = —mGabep, Z m(_l)l—ixﬁyzkzmwjkl
i+j+k+1=2 R
1
N _WGabCpc(_§WOOO + 2 Wigo + y*Woro + 2*Woor — (6.15)

1 1 1
?y* Wiio — 2222 Wior — y?2°Worr — §$4W200 - §y4W020 - §Z4W002)
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Setting again C' = —wGabcep,, the first and second derivatives of this potential are:
®, = 2Cx(Wigo — 2*Wago — y*Wi1o — 2°Wio1
®, = 2Cy(Woio — 2°Wiio — y*Woso — 2°Woni

D, = 202(Woor — 2*Wio1 — y*Wor1 — 2*Wooz

o\
D, = 20(Wigo — 32°Wagg — ¥*Wiio — 2°Wigr + 2—-

Wi 29Wano

(

(6.16)

20Wig 2 0Win

o)

Oox oA
OX ,OWo1o OW11o OWoao OWo11
D, = 20 (Worg — 2*Wago — 3y*Woao — 2°W, == 22 — 2 — 2
uy C(Woio — 2 Wago — 3y Wozo — 2 o11+yay( Y o)
O\, OW oW, oW, oW
o, = 2 2 2 a2 22 001 20Wion  90Won1  50Woo2
C(Woor — x*Wio1 — y"Worr — 32 W002+Zaz( ER o ))

ON OWioo  20Wa00 = 9OWiig .2 OWio1

q)a:y = 4C[EyW110+205L‘7(

' ox o

oA

)

ON OWigo  50Waoo 2 0Wiig Wi

., = 40$ZW101+20:B*(

9z ox  © o

¢, = 4CyzWoi1 +2Cy

oA

)

O IWoro  20Wiio _ 0Wozn  ,0Wou

2" T o

Inhomogeneous bar ending sharply, n = 2

Substituting n = 2 to the general case, we get:

(z,y, 2)

C
g{Wooo — 62%y?2 Wi +

+ o+ o+

where C' = —wGabep,.

oA

)

(6.17)

2 (2% (3Wago — °Wag0) + 3(y*(2Wi10 — y*Wiao — 2*Waio) — Wieo)] +
y2[y*(3Wo20 — y*Woso) + 3(22(2Wor1 — 2*Wor2 — y*Woz1) — Woio)] +
2222 (3Woo2 — 22 Woos) + 3(z*(2Wio1 — 22 Wag1 — 22Win2) — Woor)]},
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The first and second derivatives of this potential are:

_|_

_|_

—Cx[Wigo + 2*(2*Wsoo + 2(y*Waio — Waoo)) +

Y2 (2 Wiao 4 2(2° Wit — Wiig)) + 22(2*Wiog + 2(2*Wagr — Wig1))]
—Cy[Woro + 2° (2*Waio + 2(y*Wizo — Wino)) +

Y2 (y* Waoszo + 2(2*Woa1 — Woao)) + 2% (2°Worz + 2(z* Wit — Wonr))]
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(6.18)
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6.2 Appendix II: Elliptic Functions and Integrals

Elliptic integral of the first kind

The elliptic integral of the first kind F' is defined as

0<k?<1 (6.19)

¢ do
F(¢;k):/ 5
0 v1—k2sin’0

where k is called modulus of this integral, while the quantity K = K(k) = F(w/2,k) is called
complete elliptic integral of the first kind [1].

Elliptic integral of the second kind

The elliptic integral of the second kind F' is defined as
¢
B0 = [ V1= ko (6.20)
0

and the quantity F = E(k) = E(w/2,k) is called complete elliptic integral of the second kind.
The derivative of the complete elliptic integral of the first kind:

dK (k) E(k)  K(k)

= — 6.21
dk k(1 — k?) k ( )
while the derivative of the complete elliptic integral of the second kind:
dE(k Ek) - K(k

dk k

The elliptic functions are standard forms of elliptic functions. The three basic functions are
denoted cn(u, k), dn(u, k), and sn(u, k). They arise from the inversion of the elliptic integral of the
first kind:

u (6.23)

ra [
B o \/1—]{2811126?7

where ¢ = am(u, k) = am(u) is the Jacobi amplitude, giving ¢ = F~!(u, k) = am(u, k). From this,
it follows that

sing = sin(am(u,k)) = sn(u,k) (6.24)
cos¢p = cos(am(u,k)) = cn(u,k) (6.25)

\/1—k2sin?¢ = \/1 — k2sin®(am(u, k) = dn(u, k) (6.26)

These functions are doubly periodic generalizations of the trigonometric functions satisfying:

sn(u,0) = sinu (6.27)
en(u,0) = cosu (6.28)
dn(u,0) = 1 (6.29)
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The standard Jacobi elliptic functions satisfy the identities:

sn?u+cn®u = 1 (6.30)
E2sn’u+dn’u = 1 (6.31)
Benfu+k? = dn’u (6.32)
cn’u+k2sn®u = dn’u. (6.33)

where k' = /1 — k2 is the complementary elliptic modulus of the complementary elliptic integral
K = K(k') = F(r/2,k"). The derivatives of the Jacobi elliptic functions are:

d snu

T - cnudnu (6.34)
d;;m = —snudnu (6.35)
d j;w = —k*snucnu (6.36)
while the Fourier expands of these functions are:
o X got/? -

sn(u, k) = e Z T sin(ﬁ@s + 1)u) (6.37)
s=0

o o) qs+1/2 ) T

where the parameter ¢ is the elliptic nome and it is equal to:

g=e K. (6.39)
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