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1. Introduction

For planar real analytic differential systems of the form

it =-y+P(z,y), y=z+Q(z,y), (1.1)

where P and () are polynomials without constant and linear terms, it is well known that the origin can be
either a center or a focus. In the first case all solutions in a neighbourhood of the origin are periodic and
their trajectories are closed curves. If the origin is a center, there arises the problem to determine whether
all periodic solutions in a neighbourhood of the origin have the same period. This problem is known as the
isochronicity problem.
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The studies of isochronicity of polynomial differential systems go back to Lloud [23], who found the
necessary and sufficient conditions for isochronicity of system (1.1) when P and @ are homogeneous poly-
nomials of degree two. Latter on, Pleshkan [25] solved the isochronicity problem in the case when P and Q
are homogeneous polynomials of degree three (see also [20]). In the case when P and ) are homogeneous
polynomials of degree five the problem was solved in [26], however, the case of homogeneous polynomial of
degree four is still unsolved, and some partial results can be found in [6,10]. A number of works is devoted
to the investigation of some other particular families (see, e.g. [3,6-9,11,18,21,22,24,28,30] and references
given there).

The following family of planar cubic systems

&= —y+p2(x,y) +xra(z,y) = Px,y),
¥ =2x+qz,y) +yra(z,y) = Q(z,y),

where

P2 = az0x” + a117y + ap2y?,
qa = baox® + bi17Yy + b2y,

2 2
ro = To0T” + r112Y + 02y,

has been studied in [4,5,19,22] for the case when all parameters are real.

In [4] and [5] the authors have shown that real system (1.2) has a center and an isochronous center,
respectively, if and only if in polar coordinates after some transformations it can be written in one of four and
five forms, respectively. However from their results it is difficult to determine the conditions on parameters
of polynomials ps, g2, 1o for existence of centers and isochronous centers. Conditions on parameters of
D2, q2, T2 for the existence of a center were obtained in [22] and later on using another approach in [19].

In the work [22] published in 1997 the authors obtained the necessary and sufficient conditions for
existence of isochronous center of system (1.2) represented by four series of condition on coefficients of
the system, however in the more recent paper [5] published in 1999 the authors gave five conditions for
existence of isochronous center of system (1.2). One of aims of this paper is to clarify the conditions for
isochronicity of system (1.2). For this purpose we use an approach different from the ones of [22] and [5],
namely we consider system (1.2) as system with complex coefficients and find conditions for linearization
of the system. We obtain five series of conditions for linearizability of (1.2) and show that all linearizable
systems are Darboux linearizable.

The paper is organized as follows. In Section 2 we recall some definitions and describe briefly a procedure
to study the isochronicity and linearizability of polynomial systems. Applying this procedure, in Section 3 we
present our main result, Theorem 3.1, which gives conditions for linearizability of system (1.2). In Section 4
we present the relation between the results obtained in Theorem 3.1 (and in [22]) and the results of [5].
Finally, in the last section we discuss the coexistence of isochronous centers in system (1.2).

2. Linearizability quantities and Darboux linearization

In this section we remind some statements related to isochronicity and linearizability of polynomial
differential systems and describe an approach to compute the linearizability quantities for the system

n n
E=—y+ > apea’y’ =P,y), G=x+ Y bygr’y’ =Qx,y), (2.1)
p+q>2 p+q>2

where a, 4, by 4 are real or complex parameters.
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If the equilibrium point at the origin of real system (2.1) is known to be a center it is said that this
center is isochronous if all periodic solutions of (2.1) in a neighbourhood of the origin have the same period.
System (2.1) is said to be linearizable if there is an analytic change of coordinates

1=+ Z Cm,nxmyn = Hl(x7y)7 y1 =Y + Z dm,nxmyn = HQ(J:J y)7 (22)
m+n>2 m+n>2
that reduces (2.1) to the linear system &7 = —y1, 41 = 1.

The following theorem, which goes back to Poincaré and Lyapunov, shows that the linearizability and
isochronicity problems are equivalent. A proof can be found e.g. in [28].

Theorem 2.1. The origin of real system (2.1) is an isochronous center if and only if the system is lineariz-
able.

One can compute isochronicity quantities (obstacles for isochronicity) either in polar or cartesian coor-
dinates. Using polar coordinates © = rcosf, y = rsinf one first passes from system (2.1) to a system of
the form

= r?R(r, cos 0, sin 0), 6 =1—7r6(r,cos0,sin )

and then either computes the period function directly (see e.g. [1]) or following the approach of [5] looks for
a function

H(r,0) = H\(0)r + Ho(0)r? + Hs(0)r + ..., (2.3)
where H; = cosf and Hj, are homogeneous trigonometric polynomials of degree k, such that
H+H=0, (2.4)

then the obstacles for fulfilment of (2.4) are isochronicity quantities (also called isochronous constants).
Using the cartesian coordinates it is convenient to write real system (2.1) in the complex form

Z=1iz+ Z(z,2), (2.5)

introducing the change z = x + iy and then to look for a linearization of equation (2.5) (the approach used
in [22]).

Since we would like to perform the investigation differently from [5] and [22] we use another compu-
tational approach. Namely, we look for conditions for linearizability of system (2.1) arising from applying
transformation (2.2).

Taking the derivatives with respect to ¢ on both sides of each equation of (2.2) we obtain
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Hence, the change of coordinates (2.2) linearizes system (2.1) if it holds that

n n
m, n m—1,n
E dmml' Y+ E ap,qxpyq + g Mem n® Yy —y+ E : ap’ql,pyq
m4n>2 p+q>2 m+n>2 p+q>2

n
+ Z nem ™y | | 2+ Z by qxfy? | =0,

m+n>2 p+q>2
(2.6)
n n
- E , Cmn2"Y" + E bp,q2?y? + E Mmdy, ™ y" —y+ E , ap,qt”y?
m—+n>2 p+q>2 m—+n>2 p+q>2

n
+ Z ndy, ™yt | | 2+ Z by qxPy? | = 0.

m+n>2 p+q=>2

Obstacles for the fulfilment of equations in (2.6) give us necessary conditions for existence of a linearizing
change of coordinates (2.2) of system (2.1). Thus, a computational procedure to find necessary conditions
for linearizability can be described as follows.

(1) Write the left hand sides of two equations in (2.6) in the form 3, ;-, hgk’l)xkyl, and >y 5o hék’l)xkyl,
respectively, where hgk’l) and hék’l) are polynomials in the parameters a, 4, bp 4 (p + ¢ > 2) of system (2.1)
and ¢ pn, dmp (M +n>2) of (2.2).

(2) Solve the polynomial system hEk’l) =0(i=1,2, k+1=2) for the coeflicients ¢y, n, dmn (Mm+n = 2)
of (2.2).

(3) Solve the polynomial system hgk’l) =0 (i =1,2, k+1 = 3) for the coefficients ¢p, n, dm,n (M+n = 3)
of (2.2). In general case the system cannot be solved. However dropping from it two suitable equations we
obtain a system that has a solution. We denote the two dropped polynomials on the left hand sides of these
two equations by 71 and ji.

(4) Proceed step-by-step solving the polynomial systems hl(-k’l)

=00G=1,2k+1=r,r>3). Generally
speaking, at all steps when r = k£ + 1 is an odd number the polynomial system hgk’l) =0(i=1,2k+l=r)
cannot be solved. Dropping on each such step two suitable equations (and denoting by i(,_1)/2 and j,—1)/2
the corresponding polynomials), we obtain a system that has a solution.

This procedure yields the polynomials i, and j; which are polynomials in the parameters a, 4 and b, 4 of
system (2.1) called the linearizability quantities. It is clear that system (2.1) admits a linearizing change of
coordinates (2.2) if and only if i, = jr = 0 for all k > 1. Thus, the simultaneous vanishing of all linearizability
quantities provides conditions which characterize when the system (2.1) is linearizable (equivalently it has
an isochronous center at the origin). The ideal £ = (i1, j1, i2, j2, ...) C Cla, b] defined by the linearizability
quantities is called the linearizability ideal and its affine variety, Vp, = V(L), is called the linearizability
variety. Therefore, the linearizability problem will be solved finding the variety V.

By the Hilbert Basis Theorem there exists a positive integer k such that £ = Ly = (i1, 71, .-, ik, Jk)-
Note that the inclusion V; C V(Lj) holds for any k& > 1. The opposite inclusion is verified finding the
irreducible decomposition of the variety V(L) and then checking that any point of each component of the
decomposition corresponds to a linearizable system. The irreducible decomposition can be found using the
routine minAssGTZ [14] (which is based on the algorithm of [15]) of the computer algebra system SINGULAR
[13], however it involves extremely laborious calculations.

One of the most efficient methods to find a linearizing change of coordinates is the Darboux linearization
method. To construct a Darboux linearization it is convenient to perform the substitution

z =z + 1y, w=x—1iy (2.7)
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obtaining from (2.1) a system of the form
z2=1i(z+ X(z,w)), w=—i(w+Y(z,w)),
and, after the rescaling of time by 4, the system
z2=z4 X(z,w), w=—w-—Y(z,w). (2.8)

Since the change of coordinates (2.7) is analytic, system (2.1) is linearizable if and only if system (2.8) is
linearizable.
We remind that a Darbouzx factor of system (2.8) is a polynomial f(z,w) satisfying

where K (z,w) is a polynomial called the cofactor of f. A Darboux linearization of system (2.8) is an analytic
change of coordinates z; = Z1(z,w), wi = Wi(z,w), such that

Zy(z,w) = Hf;-xj(z,w) =2+ Zi(z,w), Wi(z,w) = Hgfj(z,w) =w+ Wi (z,w),

J=0 Jj=0

which linearizes (2.8), where f;,g; € Clz,w], o, ; € C, and Z, and W, have neither constant nor linear
terms. System (2.8) is said to be Darboux linearizable if it admits a Darboux linearization. The next theorem
provides a way to construct a Darboux linearization using Darboux factors (see e.g. [28] for a proof).

Theorem 2.2. System (2.8) is Darbouz linearizable if and only if there exist s +1 > 1 Darbouz factors
fos -, fs with corresponding cofactors Ky, ..., Ks and t +1 > 1 Darbouz factors gy, ..., g¢ with corresponding
cofactors Ly, ..., Ly with the following properties:

a. fo(z,w) =2z+--- but f;(0,0) =1 forj >1;
b. go(z,w) =w+--- but g;(0,0) =1 for j > 1; and
c. there are s+t constants aq, ..., s, B1, ..., By € C such that

K0+041K1+"'+OZSKS:1 and LQ+61L1+"'+ﬂtLt:*1. (29)
The Darboux linearization is given by

21 = Hi(z,w) = fofi" - f&, y1 = Ha(z,w) :909{31 = 'gtﬁt'

Sometimes we cannot find enough Darboux factors to construct Darboux linearizations of both equations
of the system. Let us say that we can find only transformation 27, which linearizes the first equation of (2.8).
If we can find a first integral of system (2.8) of the form ¥ = xy+ h.o.t. then the second equation of (2.8) can
be linearized by the transformation w; = —. We note also that if system (2.8) has p irreducible Darboux

21
factors fi,..., f, with associated cofactors K, ..., K, satisfying s;K; + ... + s, K, = 0, then the function

H = f7*...fy7 is a first integral of (2.8).
3. Linearizability of system (1.2)

In this section we obtain conditions for linearizability of system (1.2) with complex parameters.
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Without loss of generality, we suppose that bps = —bog in system (1.2). Indeed, if agz + a2 # 0, we can
apply the transformation & = = + (bga + bao)y/ (a2 + az0) and § = y — (boz + bao)x/(ap2 + azg) obtaining a
system of such form, and if ags + a2g = 0, we only need to make the change (z,y) — (y, ) together with
the time scaling dt = —dr to obtain the same effect.

The following theorem gives the conditions for linearizability of system (1.2).

Theorem 3.1. Complex system (1.2) with byy = —bag is linearizable at the origin if one of the following
conditions holds:

( ) 4(1%0 + a%l + 4a11b20 =+ 4b%0 - 40,20611 + b%l = T20 + o2 = ap2 + a0 = 0,

(2) a2 = ro2 = a1 + 2bag = by1 — 4azg = 111 + b3y = rag — azba = 0,

(3) 4dapz + azo = a11 + 2ba = 2b11 — agg = 4ro2 + azobao = 711 + b3q = rag — azpbag = 0,

(4) a2 = ro2 = a11 + 2b2g = b11 — az0 = r2p — agbep = 0,

( ) 9&11 12&11b20+4620+4b11 = —6a11b20+4b20+2a20b11 —b11 = 6&20@11 —4&20()20—3@11b11+10b20b11 =
a3y — 12a11bo + 24b3, — bF; = —3b3) — A4+ + 111 = §agobag + UL — B0kl 4y — 920001 daban 4
% — %“rrgo-‘rrog = ag2 + a§0 - bél =0.

Proof. Using the computer algebra system MATHEMATICA following the computational procedure described
in the previous section we computed the first eight pairs of the linearizability quantities for system (1.2).
The first pair is

. 1
11 = 5(10032 —+ a%l —+ 10@020,20 + 4(130 — (logbll — 5&20b11 —+ b%l —+ 40,11620 + 4b30),

Jj1= g(aozau + ar1a20 — 2ap2b20 — 2a20b20 + 4ro2 + 4120),

and the second pair reduced by the Groebner basis of (iq, j1) is
= 750( 10a2,a3, + 200a02a3, + 160a3, + 10a2, asobiy — 600agea2ybi1 — 520a3,b11

+ 6a%,b%, + 490ag2a20b?, + 464a3,b?, — 96ag2b3, — 110ag0b3, + 6b], — 170a3,bag
— 720a11a30b20 + 720a11a20b11b20 — 146a11b%,bag — 550a%, b3y + 2600ag2a20b%

+ 3080a2yb3y — 1580a02b11b35 — 2060a20b11b3, + 154b%, b3, — 160a11b3, + 52003,

— 100a11a20702 + 560a11b11702 — 6800a20banroz 4+ 2180b11bagr02 + 525072,

— 55a2,711 + 50ag2a20r11 — 170a30711 + 5agzbiiriy + 225a20b117m11 — 5502711

— 220a11b20r11 — 220039711 — 100a11a20720 + 560a11b11720 + 800ag2bagrao

— 6000a20b20m20 + 2180b11b20720 + 8500702720 + 32507"30),

3 3 2 2 3 2
120 (2&110,20 + 8(111(120 allbll — 12&11&20b11 + 6&11(1201)11 — allbll — 4a11a20b20

+ 48agaa3bao — 6a31b11bao + 16ag2a20b11ba0 + 56a30b11bao — dagzbi;bao
— 8agob? bag — 203, bag — 40a11a0b3y — 12a11b11b30 — 48as0b3y — 8bi1b3,
— 24a3 102 — 1630702 + 64asbi1r02 + 4b3 1702 — 64a11baoT02 — 32050702
+ 128ag2b2011 + 128ag0bogr11 — 128709711 — 8a3, 790 — 32a02a20720 + 16a34720

— 80ag2b11720 — 80a2gbi1790 + 20[)%17”20 + 32[)307“20 — 1287“117“20).
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The other polynomials have very long expressions, so we do not present them here, however, the reader can
easily compute them using any available computer algebra system.

To find conditions for linearizability we have to “solve” the system i; = --- =ig =j; =--- = jg =0, or,
more precisely, to find the irreducible decomposition of the variety V(Lsg) of the ideal Lg = (i1, j1, ..., i3, jg)-
Although nowadays there are few algorithms for computing such decompositions the calculations seldom can
be completed over the field of rational numbers for non-trivial ideals due to high complexity of Groebner
bases computations. We tried to perform the decomposition of the variety of V(Lg) using the routine
minAssGTZ [14] of SINGULAR [13], however we have not succeeded to complete computations neither over
Q nor over the field Z32003.

To find the decomposition we proceed as follows. First, we use the conditions for isochronicity of real
system (1.2) obtained in [22], which are conditions (2)—(4) of the statement of the theorem and the condition

ag2 + azp = a1 + 2byg = b1y — 2a90 = ro2 + 120 = 0. (3.1)

It is clear that under condition (3.1) and conditions (2)—(4) of the theorem complex system (1.2) is lineariz-
able as well.
Denote by J; the ideal generated by polynomials defining condition (3.1), that is,

J1 = (ao2 + a0, a11 + 2bag, b1 — 2a20,702 + 720),

and by Ja, J3, Jy ideals generated by polynomials of conditions (2)—(4) of the theorem.

As we have mentioned above we are not able to compute the decomposition of the variety V(Lg) of Lg
(that is, to find the minimal associate primes of Lg) even over fields of finite characteristic. However using
the ideals J1—J4 we can find the decomposition of the variety V(Lg). The idea is to subtract from V(Lg)
the components defined by the ideals J;—J; and then find the decomposition of the remaining variety. For
this aim we use the theorem (see, e.g. [12, Chapter 4] for the proof), which says that given two ideals I and
H in k[z1, ..., 2],

V(H\V(H)CV({I:H),
where the overline indicates the Zariski closure. Moreover, if & = C and [ is a radical ideal, then
V(HD\V(H)=V({:H). (3.2)

Thus, to remove the components V(Jy),..., V(Jy) from V(Lg), we compute over the field Zsagp3 with the
intersect of Singular the intersection J = JyNJ2NJ3NJy (clearly, V(J) = V(J1)UV (J2)UV (J35)UV (Jy)),
then with the radical we compute R = \/Lg, then with quotient we compute the ideal G = R : J and,
finally, with minAssGTZ we compute the minimal associate primes of G, obtaining that G = G; NG5, where
G, = <7‘20 + 702,002 + agoago + 8001@%1 + a11byo + b%o — aspbr1 + 8001b%1> and Gy = <CL02 + 10668asy —
10668b11, a117o2 — 10667b20T02 + 14224(1207”11 — 14224b117‘11, as0To2 + 16000[)117“02 + 16001&11T11 — b207‘11, T%O +
6720702 +9735 4+ 7%, b11720+3b11702 — 16000a11711 —b207T11, b20T20 +3b20702 — 16001a20711 —8001b11711, a11720—
2b20T02 — a0T11 — 16001()117‘11,&207‘20 — 15997b11T02 + 8003&117‘11 — 16001b20T11, a11b11 — 2b20b11 + 4T20 +
6792, b%o +8001b%1 48000711, a11b29 —10668as0b11 + 106681)?1 416001711, asgbog—16001bogby1 + 16000750, a%l —
14224a50b11 — 7111b%1 — 10668711, aspair + bagbi1 + 120 + 3ro2, a%o — agebiy + 8000[)?1 + 3rq11, agob117m11 —
16001[)?17’11 — Orogrge — 277“82 — 67“%1, bogb11702 — 8001()%17‘11 + 80037‘82 + ’I“%l, azob% — 16001()?1 — 18bogr02 —
6asor11, b%lrog’rn =+ b20b117“%1 =+ 159977“207“82 + 159887‘82 — 7“207“%1 + 159977“027“%1, b%lTOQ + bgob%l’f‘n — 9b20’l“32 —
3b117m02711 — 4b2or?,). Since 8001 = % mod 32003, lifting the ideal G; from the ring of polynomials over the
field Zsa003 to the ring of polynomials over the field Q we obtain polynomials given in condition (1) of the
theorem.
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Similarly, lifting the ideal G we obtain the ideal which we denote by J5 (the lifting can be performed
algorithmically using the algorithm of [29] and the MATHEMATICA code of [16]). Simple computations show
that V(J5) is the same set as the set given by conditions (5) of the theorem.

To check the correctness of the obtained conditions we use the procedure described in [27]. First, we
computed the ideal J = J; NJoNJ3NJgNJ5, which defines the union of all five components of the theorem
and checked that Groebner bases of all ideals (.J,1 — wiy), (J,1 —wji) (where k =1,...,8 and w is a new
variable) computed over Q are {1}. By the Radical Membership Test (see e.g. [12,28]) it means that

V(L) € V(J).
To check the opposite inclusion it is sufficient to check that

(Lg,1—wf) = (1) (3-3)

for all polynomials f from a basis of J. Unfortunately, we were not able to perform the check over Q,
however we have checked that (3.3) holds over few fields of finite characteristic. It yields that (3.3) holds
with high probability [2].!

We now prove that under each of conditions (1)—(5) of the theorem the system is linearizable.

Case (1): In this case a3 = —2bgg =+ (2ag9 — b11)i. We consider only the case a11 = —2bag + (2a20 — b11)1,
since when a7 = —2bsg — (2a99 — b11)7 the consideration is analogous. In this case system (1.2) becomes

& = —y + as0x® + (—2bao + (2a20 — b11)8) 7y — azey® + r207> + r117%Y — rogay?, (3.4)
U =+ box? + biizy — baoy? + roor’y + r117y? — o0y’

After the substitution (2.7) we obtain from (3.4) the system

1 1
Z=2z— (iago — b20)22 — —(Tu + 2iT20)23 + —(7“11 — 2ir20)zw2,
4 4 (3 5)

1 1 1 1
W= —w + §(ib11 — 2ia20)2:2 — E(ibll + 2b20)w2 — Z(’I‘u + 2’&"/”20)2210 + Z(rll — 2ir20)w3.
System (3.5) has Darboux factors

1122,

1 1
ls =1+ 5 (=8iaz + 8bao — W2 )z + 7 (ib11 + 2bo — i&)w,

1 1
=1+ 1—6(—8ia20 + 8bsg + 4\/577,)2’ + Z(ibll + 2byy — z«f)w,

1 1
ls=1+ 1—6(—8ia20 + 8bog — 4\/§n+)2 + Z(ibll + 2bog + if)w,

1 1
le=1+ 1—6(—8ia20 + 8bog + 4\/5’!74_),2 + Z(ibn + 2bog + z{)w,

where & = /b3, — 4iby1bag — 4b3, — 4711 + 8irgg and

Nt = \/—2a§0 + 2a0b11 — by — 8iazobao + 2ib11bag + 265 + 2711 + 4irao £ 2a20€ F baé.

1 For this reason we say in the statement of Theorem 3.1 that conditions (1)—(5) are only necessary, but not necessary and
sufficient conditions for linearizability of system (1.2).
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It is easy to verify that the first of conditions (2.9) is satisfied with fo =11, f1 = l4, fo =I5, f3 =g, and

b11 — 2ibyy + &
o=,

2¢
o — buins — 2iboony — biin— + 2ibagn_ — 2iv/2a20€ + 2v/2bao& — & — n_¢&
? 4n € ’
oy = bii (s +1-) + (2iv2a20 — 1y +1-)€ = 2ibgo (14 + 17— — iv/2€)
B an '

Moreover, the system has the Darboux first integral

U(z,w) = RIS =1 — ﬁn,ﬁzw +o(||(z,w)|]?),

7

where s1 =1, sp = —1, s3 = —Z—L 84 = Z—L J1=13, fa=l4, f3 =15, and fy = ls.
Therefore, the system is linearizable by the substitution

20/2(W (2, w) — 1)1'.

21 = LIRS, wy =
PR 1€

Case (2): In this case system (1.2) becomes

& = —y + agx? + asobaox® — 2bgozy — b%ony = (bgox + 1)(a20:c2 — byoxy — ¥),

(3.6)
y=x+ b20.732 =+ 4a20:cy + a20b20$2y — b20y2 — b%0$y2,
and after substitution (2.7) we have the system
; + | b ;2 2 ¢ zw+i3a w? + b%O Z‘a b 23
Z=z —i—a z°— -a - = — =
20 7720 5420 7720 1 7420020
) b2 )
— §a20b2022w — (% + Za20b20> Z’LU2,
(3.7)

D= + ;3 2 Z.a Zw b +i5a w? + b%o Z.a b 22w
W= —w+i—agz" — = — - = — -
7720 5120 20 7020 1 7420020

i b 2 b%o + i b 3
— —a W — — —Q w-.
9 20920 4 4 20020

System (3.7) has the Darboux factors

b ) b ) )
ll =z+ (ﬂ + —ago) 2’2 + <ﬂ + —a20> 2w + —CLQQUJ27

2 4 2 2 4
. b . b .
lo =w— %azozz + <? - %azo) zZw + (% - %am) w2,
b b
l3=1+ %z + §w

1 . 1 .
l4 =1- 5 (4@20 + Zbgo) z+ 5 (b20 + 4’&(120) w,
which, when asg # 0, allow to construct the Darboux linearization

2= LIS, wy = LIS,
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where
6azg — ibag 2a0 + ibag
== ="
4dasg 4azo
By = — 6aog + ibzo7 By = — 2a20 — ibzo.
dasg 4azg

Since the set of linearizable system is an affine variety and therefore it is a closed set in the Zariski

topology, the system is linearizable also when asy = 0.

Case (3): In this case system (1.2) becomes

a az20b

T = -y —+ a20x2 — 2b20£17y — %yQ +x (a20620x2 - b%olﬂy - 2(1120y2> s

. (3.8)
a a
U=+ byor® + %xy —baoy® +y <020b20$2 — ooy — 212092> ;
and the corresponding system of the form (2.8) is
7 3 3 b3 5
Z=z+ (bgo - imago) 22 - igagozw - Z.E(Igowz + (ZO - 7:16(1201)20> 23
3 b3 5
— igagobgozgw — (% + i1—6a20b20> ZU}Q,

(3.9)

s 3 2 3 7 2 b%O g 2
w=—-w ZlGCLQoZ zgagozw <b20+216a20>w +(4 Zl6a20b20 zZTw

3 b2 5
— i§a20b202w2 — (% + i1—6a20b20> w?.

System (3.9) has the following Darboux factors

b ] bao , i ‘
Il = 2+ (ﬂ _ iago) 224 (ﬂ + 3a20> 2w — iCl20U)27

2 16 2 8 16
. b . b .
lo =w+ 11—6@2022 + (? — %QQO) Zw + (% + %020) w25
b b
=1+ 22+ 2w,

) )
y=1- Z (ago + i2b20) Z+ Z (ago — i2b20) w,

which, when agy # 0, allow to construct the Darboux linearization

1 = lllgllZQ, w1 = lglgllfz,
where
i2b20 2(120 + i2b20
ap = ;g = —————,
20 a20
i2b20 20,20 — i2bzo
pr=— s Po=——
a20 a20

If agp = 0, case (3) is equivalent to case (2). Thus system (3.9) is linearizable.
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Case (4): In this case system (1.2) becomes

& = —y + asr® — 2bowy + azbaor® + r112%y, (3.10)
3.10
§ = o + boox? + agozy — baoy® + anobaoz?y + ri17y?,

and after the substitution (2.7) we obtain the system

. 1 71 1
z=z+ (b20 — z/2a20) 2% — 50,20211} — < 1 + a20b20> 27— Eagobgoz w

4
11 )
+ [ 2 — —agb
( 4 4a20 20)

wW=—w — %GQOZU) - (bgo + %ago) w? — (% + 4a20b20) w — %agobgoz’wQ

+ (% - £a20b20) w?,
which admits the Darboux factors
lh=2 Ils=w,
I3 =1+ i (—iago + 2bgg +iC) z — % (—ago + 1200 + C) w
Iy=1- % (a0 + i2bg0) z + % (ago — i2ibag) w — % (asobao — ir11) 2°

1 .
5 (2b20 +7r11) 2w+ — 1 (a20b20 + ir1y) w?,

where C = /a2, — 4b3, — 4r1;. When C # 0 we obtain the Darboux linearization

2= 11§52, wy = IS5,
where
oy — ago + inQO o — _ag() + i2b20 + C
1= C ) 2 — 20 ’
B, = a0 — 12bog B, = _az — 12byg + C'
1 — C ) 2 — 20 .

Using the same argument as in case (2) we conclude that the system is linearizable also when C = 0.

Case (5): If bag # 0, we can rewrite the condition as

4b2 27a3, + 9a2,a90 — 3ap2a3, — a3, — 16as0ba
ry = 3@(%2 1 2a90a09 + 220 4 20 Tog = 02 0220 02%20 20 20 20’
3 3 36b20
9a2, — a2, — 4b2 .
ay = ——2 6620 20 o0 = agabag + asobao, bii = aso + 3ag2, asy = 3agz £ 4byi.
20

We only consider the case agg = 3age + 4b2t, since when asg = 3age — 4bapi, the consideration is analogous.
Under this condition after the substitution (2.7) system (1.2) becomes
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3 = 2+ (3byo — 3iaga)2? + (2bag — 2iags) 2w + 2iagew? 4 (2b3, — 2a2, — 4iagabeg) 2>
— (202, + 4iagabag — 2b3) 2% w + (4aiy + diagabeg) zw?,
W= —w (1 + (2iags — 2b20)z + (iags — bao)w + (202, + diagabog — 2b2,)2> (8:11)
+ (202, + diagsbao — 262)zw — (42, + 4ia02b20)w2).
System (3.11) has the Darboux factors

2
ll =z — i(CLOQ + ib20)22 + M;OQ ’LU2,

I = w,
I3 =1 —2i(ap2 + ibao)z + i(agz + ibeo)w
Iy =1 —4i(agy + ibao)z — 4(age + iba)? 2% + 2i(age + ibag)w + 4(aps + ibag)? 2w
+ (—ady — 2iagabag + b3y )w?,
which allow to construct the Darboux linearization
z=h1", wr =1l 2

Similarly as above, using the Zariski closure argument we conclude that the system is linearizable also
when byg =0. O

4. Relation between isochronicity conditions of [5] and Theorem 3.1

In [5] the authors presented conditions for isochronicity of system (1.2) when all parameters of the system
are real. We investigate the relation between their conditions and the conditions presented in Theorem 3.1
and in [22]. The following result is obtained in [5].

Theorem 4.1 (Theorem 1 of [5]). The origin of system (1.2) is an isochronous center if and only if (1.2)
can be transformed in one of the following forms in polar coordinates:

(a) 7= (00539——0050 k1 sin @) +1r3(— 2’“1 - 2’“ COSQQ—ESiDQQ) 0 =1+4r(—sin30+k; cosf—sinf),
(b) 7 = r?(cos 30+ 12 cos 0 —ky sin ) +r? (2k:1+ wkl cos 29——1 sin 26), 6 = 14r(— sin 304k, cos 0+ % sin6),
(¢) 7 =1r2ki cos @ + 13 (ko cos 20 + ks sin 26), 6 = 1 +rkysind,

(d) 7 =12(ky cos O + ko sin ) + r®(Ftk2 — B1k2 o520 4 k3 sin20), § = 1 + rky sin6 and

(e) 7 =12(ky cosf + kysin ) + 73 (ks + ky cos 20 + ks sin26), § = 1,

where k;’s in each system are independent and are functions of original parameters in system (1.2).

In [5] the second equation of (c) is written as @ = 1 + rk; cosf, however it is a misprint which was
corrected in [8].

As it is mentioned in the previous section by the result of [22] real system (1.2) is linearizable (equivalently,
it has isochronous center) if and only if condition (3.1) or one of conditions (2)—(4) of Theorem 3.1 holds.
The following theorem gives the relation of the results of [22] (and Theorem 3.1) and [5].

Theorem 4.2. System (1.2) under conditions (3.1), (2), (3), and (4) of Theorem 3.1 can be changed into
system (c), (a), (b) and (d) of Theorem 4.1, respectively.
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Proof. System (1.2) under condition (3.1) becomes

&= —y + agr? — 2boowy — ay® + x(r20z”® + r11zy — r20y*) = Pi(7, ),

J =2 4 baox® + 2a20zy — baoy® + Y(ra0z® + ri1zy — rooy?) = Q1(z,y). -y
Applying the linear transformation
T = —agT + b2y, Y= baoT+ azy
and a time scaling dt = —df, we change system (4.1) to
@ =—y+ki(a? — )+ (koa® + 2ksay — kay?) , 2)

) =x + 2kizy +y (kzmz + 2ksxy — k2y2) ,

where k1 = a%o + b§07 ko = aogobagrin — G%OTQO + 6507"20, ks = (a%orn — b%o’/‘n + 4&201)207’20)/2, and below
we write  and y instead of Z and §. System (4.2) in polar coordinates x = rcosf, y = rsinf becomes

system (c).
System (1.2) under condition (2) of Theorem 3.1 becomes system (3.6). The transformation x = 3;120 z,
y= —3;203] and the time scaling dt = —df change system (3.6) to
. 4 2 z 2 2
T=—y— gx — 2kizy — 3 (4k1x + 3k;196y) ,
(4.3)

16
y=x+ka?— ?xy — ky? — % (4k1x2 + 3k%xy) ,

4bog

where we write x and y instead of  and g, and ky = T

. System (4.3) in polar coordinates z = r cos#,

y = rsinf becomes system (a).

System (1.2) under condition (3) becomes system (3.8). Applying the transformation z = 3(1120 T,y =

16
3az0

¥, we transform (3.8) to the system

1 4 k
T=—y— —6322 — 2kizy — §y2 + glx (16x2 —3kizy — 4y2) ,

3 . . (4.4)
g =a+ka®+ gxy —ky® + gly (163U2 — 3kizy — 4y2) ,
where we write z and y instead of Z and ¢, and k; = %. System (4.4) in polar coordinates x = r cos6,

y = rsin 6 becomes system (b).
System (1.2) under condition (4) becomes system (3.10). The transformation z = §, y = & and a time
scaling dt = —dt change system (3.10) to

T=—y+ kyz? + koxy — k1y2 +x (2k3xy + k1k2y2) , (45)
g =z + 2kzy + koy® +y (2kszy + k1 koy®) .

where ki = by, ko = —ago, k3 = —"3, and we write z and y instead of # and §. System (4.5) in polar
coordinates x = r cosd, y = rsin becomes system (d). O
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However system (e) from Theorem 4.1 does not have an isochronous center at the origin, since, generally
speaking, the origin of the system is not a center, but a focus. Indeed, system (e) can be written in the
Cartesian coordinates x = rcos(f), y = rsin(f) as

&= —y+ka? + kowy + x ((ks + ka)2? + (ks — ka)y? + 2kszy)

(4.6)
y=x+kizy+ koy? +y ((ks + ka)x? + (ks — ka)y? + 2kszy) .

We computed the first two Lyapunov quantities for system (4.6) and obtained 71 = k3 and 7y = 2k1koks +
ky(k? — k3). Thus, the origin of system (e) is a focus, which is stable if k3 < 0 or k3 = 0, 72 < 0, and
unstable if k3 > 0 or k3 = 0, 72 > 0. So, the necessary condition for existence of a center and an isochronous
center at the origin of system (e) is k3 =72 = 0.

When ks = 12 = 0, by the linear transformation z; = x + Z—iy, Y1 =y — Z—fac, system (4.6) is changed
into

&= —y+ka®— —k}C’Z“ 22y,

§ = o+ bray — Bty (4.7)
System (4.7) is a special case of system (3.10) when bgg = 0, which is system (1.2) under condition (4) of
Theorem 3.1 after adding the condition bay = 0. Therefore, only when ks = 12 = 0, the origin of system
(4.6), and thus of system (e), is an isochronous center.

It appears the authors of [5] made the following mistake in their reasoning. They obtained system (e) from
the condition of vanishing of two isochronous constants (computed using (2.3) and (2.4)). Then observing
that the second equation of the system is 6=1, they concluded that the system has an isochronous center
at the origin. However, as we have shown, unless ks = 7 = 0, the origin of the system is an isochronous
focus (see e.g. [1,17] for definitions) but not a center.

We note that the conditions for isochronicity of system (1.2) are also given in the survey paper [8].
According to Theorem 14.2 of [8] system (1.2) has an isochronous center at the origin if and only if by a
change of coordinates and rescaling of time it can be brought to one of systems (a), (b), (d) of Theorem 4.1
or to one of systems

i = 1% cos 0 + 13 (ky cos 20 + ks sin 20),

) (4.8)
0=1+rsind
and
7 = 13 cos 26,
. (4.9)
0 =1.

However instead of (4.8) and (4.9) we can use just system (c) of the statement of Theorem 4.1, since system
(4.8) is a particular case of system (c) if we set in (¢) k1 = 1 and system (4.9) is a particular case of system
(c) if we set in (c) ky = k3 =0, ka = 1.

To summarize, in [22] the authors presented four necessary and sufficient conditions for isochronicity of
the center at the origin of system (1.2), in the case when all parameters of system (1.2) are real. Their
conditions are correct and coincide with condition (3.1) and conditions (2)—(4) of Theorem 3.1.

In [5] the authors presented five systems, which are systems (a)—(e) of Theorem 4.1 and stated that any
real system with an isochronous center at the origin can be transformed to one of systems (a)—(e). However,
as it is shown above, generally speaking system (e) has not a center, but an isochronous focus at the origin
(see e.g. [1,17] for definitions). So system (e) should not be presented in the statements of Theorem 4.1.
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The five systems presented in [8] are correct, however, as explained above, two of systems of [8] can be
combined to give system (c) of Theorem 4.1. So there are only four necessary and sufficient conditions for
isochronicity of the center at the origin of real system (1.2).

In our Theorem 3.1 we presented five conditions for linearizability of complez (1.2). In the case when the
parameters of (1.2) are real our conditions coincide with those obtained in [22] since for real parameters
condition (1) of our Theorem 3.1 is equivalent to condition (3.1) and condition (5) is equivalent to the
condition that all parameters in (1.2) are equal to zero. Thus, our Theorem 3.1 contains all conditions
for isochronicity of real system (1.2) obtained in [5] and [22], but additionally it gives also conditions for
linearizability of complex system (1.2).

5. Coexistence of isochronous centers

In this section we present our study on existence of few isochronous centers in real system (1.2).

Theorem 5.1. System (1.2) has at most two isochronous centers including the origin when all parameters
are real. More precisely, under condition (3.1) and conditions (2), (3) and (4) of Theorem 3.1, system (1.2)
has at most two, one, two and two isochronous centers, respectively.

Proof. We first consider the simplest case, case (2) of Theorem 3.1. In this situation, system (1.2) has
the form (3.6). From the first equation of (3.6), we know that the coordinates of equilibria must satisfy
boor + 1 = 0 or ager?® — byoxy —y = 0. Substituting y = azex?/(1 + byox) into the right hand side of
the second equation of (3.6) we obtain 4a3,z? + (byox + 1)* = 0. Then, we get = 0 or & = —1/byg.
On the other hand, substituting © = —1/byg into the right hand side of the second equation of (3.6), we
have —3az0y/b2o = 0. Thus, other than the origin O : (0,0) we get the equilibrium A : (—1/bsg,0) when
aspbap # 0, no equilibria exist when bog = 0 and agg # 0, or the line © = —1/by is filled by equilibria when
a0 = 0 and b20 75 0.

Computing the determinant of linear matrix for system (3.6) at the equilibrium A : (—1/bgg, 0), we find
that it is equal to —3a3,/b3, < 0, indicating that the equilibrium A is a saddle if it exists. Clearly, any
equilibrium on the line = —1/bgy cannot be an isochronous center when asy = 0. Therefore, in the case
(2) of Theorem 3.1, system (1.2) has only one isochronous center at the origin.

Consider now case (3) of Theorem 3.1. In this case system (1.2) can be written as

@ = (boow + 1)(4b112* — bi1y® — 2bsgzy — 2y)/2 1= P3(z,y), 5.1)
U=+ baox” + biizy — baoy? — (bi1b20/2)y® — b3exy” + 2ybr1baoz”® == Q3(z,y).

From the first equation of (5.1) we see that the coordinates of equilibria must satisfy bggx + 1 = 0 or
g3(z,y) := 4bj 122 — by1y? — 2byowy — 2y = 0. Substituting # = —1/bsg into the right hand side of the second
equation of (5.1), we have —yb11(b3yy? — 2)/byo = 0. Thus, we find three equilibria A : (—1/bgg,0) and
Ai : (—l/bgo, :I:\/i/bgo) if b20 7& 0.

If we solve g3(z,y) = 0 and substitute the solution into the right hand side of the second equation of (5.1)
a very complicated expression arises. However, we only need to find the coordinates of centers for system
(5.1) and at a center the trace of linear matrix is zero. We calculate

oP;  0Q3

T3(x,y) := oz oy

= bgo(4b11$2 — b11y2 — 2b20$y — 2y)/2 + (bgol‘ + 1)(8[)11.1‘ — 2b20y)/2
+ b11® — 2bagy — (3/2)b11b20y? — 2b307y + 2b11bagx?,
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O

= (b20(4b111‘2 — b11y2 — 2bsgxy — 2y)/2 + (bgol‘ + 1))(8[)113}‘ — 2b20y)/2)
(b11@ — 2bsoy — (3/2)b11booy® — 2b30zy + 2b11b20z”)
— (bzow + 1)(—2()11]} — 2[)2011 — 2)(4[)11[)203?1/ — b%OZ/Q + b11y + ngol‘ + 1)/2

Computing a Groebner basis of the ideal (g3, @3, T3) we got the basis
Gs := {boa”® + x,b11y” + 2b20zy + 2y, b11 7}

When b1; = 0 we obtain the equilibrium O : (0,0) or the line bygz +1 is filled with equilibria. When b1; # 0,
we obtain the equilibrium B : (0, —2/b11).

Notice that all equilibria on the line byox + 1 are degenerate when b;; = 0, because the determinant of
linear matrix at each equilibrium is zero. Thus, an equilibrium on the line bypx 4+ 1 cannot be isochronous
centers when by; = 0. By calculations, among all equilibria A : (—1/bgg,0), Ay : (—1/bao, i\/i/bgo) and
B : (0,—2/b11), only at B the trace of linear part is zero and the determinant of linear part is positive
at the same time. So we only need to check the isochronicity of equilibrium B : (0, —2/b11). Moving the
equilibrium B to the origin and making the change

U= \/5(—21)20/1711))3: — \/iy, v =12z

together with the time scaling dt = —d7, we obtain from (5.1) the system
2b 2b 2b b11b b2
o \/_2 lll_y + \/_220x2 . \/_22Oy2 + 11420$3 . xb11b20y2 + %ng%

; (5.2)

2b b11b b
y=x+ %f + V2bgowy — V2b11y? + %xzy + %xlﬂ — b11b20y?,

where we still write x, y instead of w, v. It is easy to show that system (5.2) is Darboux linearizable.
Therefore, the system has isochronous centers at the origin and at the point B : (0, —2/b11) if by; # 0.

Now consider case (4) of Theorem 3.1. In this case system (1.2) has the form

&= —y + agx? — 2baoxy + asgboox® + r12y = Py(x,y), 53)

y =+ a0y + bgo:ﬁz — b20y2 + a20b205€2y + T11$y2 = Q4(1‘, y)

It is difficult to find the coordinates of equilibria of system (5.3) explicitly. However, we can calculate

oPy 0
T4(93,y) = 85174 + (;:2;17

0P, 0 0P, 0
Dy(z,y) == P4 0Qs 0P, 0Q4

to find only coordinates of centers. Computing a Groebner basis of (P, Q4,T4) we obtained

Gy = {CLQ()CCy + 4b20$2 + 4x, a20y2 + 4dbsgxy + 4y, —3&%01‘ + 1661,2()1)%0.’17 + 16a997r11 2,
as0? — 4bogxy — 4y, —3a%0y + 16b%0y + 16711y, booz® + bgony +22+ y2,
64b302% + 16bggr11 2% — 3a3yr — 12a20baoy + 64b3gx + 167112}



W. Fernandes et al. / J. Math. Anal. Appl. 450 (2017) 795-813 811

Letting the first and the second polynomials in G4 be zeros, we get y = —4(bgox + 1)/azp when agg # 0 or
x =y = 0. Substituting y = —4(beox + 1)/asg into Gy, we have

{4(booz + 1)(3a2, — 16b2, — 16711) /ago, (16 + (a2 + 16b3y)x> + 32bo0z) /a0,
(16 4 (a3 + 16b3y)x? + 32bo0x) (oo + 1) /a3y, —azx(3a3, — 16b3, — 16711), (5.4)
(64b3, + 16bor11 )2 4 (—3a3y + 112b3, + 16711 ) + 48bg }.

Using the first polynomial in (5.4), we obtain bygz +1 =0, y = 0 or y = —4(byox + 1)/az0, 3a3, — 16b3, —
16711 = 0. Substituting them in (5.4), we obtain

{(baox + 1)2?, agox?, 4x(baox + 1), —2(—64b3gx — 16bagr112 + 3a3, — 64b3, — 16711),
—agox(3a3, — 16b3, — 16711)}

and

{(a%on + (4byox + 4)2)/(120, (boox + 1)(a§0x2 + 16b§0x2 + 32by0x + 16)/a§0,
3bao(azgx? + 16b3gz* + 32b9px + 16)},

respectively. From the first and the second polynomials in above two sets, we see that on the line y =
—4(byox + 1)/agp no center type equilibria exist when agg # 0.

When agg = 0, the basis G4 becomes {baox? + , baozy + ¥, b30y + 111y}, and we obtain that bygz + 1 = 0,
(b%(J +7r11)y=0o0r x =0,y =0. When agp = 0, bogz + 1 = 0 and b%o 4+ r11 = 0, the line bygxr +1 = 0 is
full of equilibria, none of which can be an isochronous center of system (5.3). Hence, we only get the unique
possible center A : (—1/bgg,0) if asg = 0, at which the trace of the linear matrix for system (5.3) is zero
and the determinant is r11/b3, + 1. If agg = 0, after moving the origin to the point (—1/(2bg),0), system
(5.3) is changed into

2
T11 _ 2b20 + 711

_ 2
T = —4b§0y boo Yy + ri1x’y,
22, + (55)
o 4 poag?_ 2220771 2 2
Y g + b20x T Yy~ +rnzy

which is symmetric with respect to the z-axis. Moreover, equilibria (£1/(2bg), 0) of system (5.5) correspond
to equilibria A and O of system (5.3) respectively. Thus, except of the origin O : (0,0) we get another
isochronous center at the equilibrium A : (—1/bgg,0) when agy = 0, r11 /b3y + 1 > 0 and bgg # 0. Therefore,
in case (4) system (1.2) has at most two isochronous centers.

At last, we study the case when condition (3.1) is fulfilled. In this situation let the vector field of system
(1.2) be (P1(z,y),Q1(z,y)), as shown in (4.1). Similarly to case (4), we only consider equilibria of center
type avoiding complicated calculations of coordinates of all equilibria. We calculate

0P, 0
Ti(x,y) ::3—;4_8&;’

oP; 0 oP; 0
Dy (z,) ;:_1&f_1&

dr 0Oy Jy Ox

to find coordinates of centers. The Groebner basis of (P, Q1,T1) is



812 W. Fernandes et al. / J. Math. Anal. Appl. 450 (2017) 795-813

G1 = {az0y + baow + 1, 7117y + 7207% — T20y? + 20T — baoy, agor11y> + azer20ry

+ baoraoy® + a3ey + b3gy + T11Y + T20T + a0}

If asg = byp = 0, system (4.1) cannot have other centers except of the origin. Without loss of generality we
suppose byg # 0. If agp # 0 the discussion is similar and we only need to make the change (z,y) — (y,x)
with the time rescaling dt = —dr. From the first polynomial in Gy, we get x = —(agoy + 1) /bag. Substituting
it into G1, we have

g1 = ag + a1y + azy® =0, (5.6)

where ag = agobag — 720, a1 = a%obzo + b;’o — 2a997r209 + bygri1 and as = fagorzo + agobogrin + b%o'l’go.
Thus, from (5.6) we find two roots y+ = (—a; + y/a? — 4agag)/(2a2) and then get two equilibria Cy :
(—(az0y+ +1)/bag, y+) when dg := a? — 4azap > 0 and as # 0. At Oy the trace of linear matrix for system
(4.1) is zero and the determinant of that is

D I do(:':(a’g() + b%o) \4 do — b20(d0/b30 — b%orll + 4@20[)207"20 + a%orll — r%l _ 47"%0))
T 203 (420720 — ogbaoT1s — b20120)2
50(a30720 — a20b20711 20720)

Moreover,

dg

T4 2 2
b3 (a3ra0 — ag0b20m11 — b30720)?

D,D_ = <0,

implying that at most one of Cy and C_ is a center. Actually, when rog = as9bag, we find that the equilibrium
B : (0,—2/b11) is an isochronous center, since it is easy to show that system (4.1) is Darboux linearizable
at this point. Therefore, if (3.1) holds, then system (1.2) has at most two isochronous centers. O

To conclude, we have found conditions for isochronicity and linearizability of system (1.2) and clarified
conditions of isochronicity obtained by Chavarriga et al. in [5]. An important feature of our approach is the
treatment of coefficients of system (1.2) as complex parameters, since this has allowed us to use formula
(3.2) for finding the decomposition of the integrability variety and to use the Radical Membership Test in
order to check the correctness of computations involved modular arithmetic.
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